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L.OI CAM DOAN

Luan an dudgc hoan thanh tai truong Dai hoc Vinh, duéi sy huéng dan
cua PGS. TS. Nguyén Van Dic va PGS. TS. Dinh Huy Hoang. T6i xin
cam doan day 1a cong trinh cta riéng toi. Cac két qua dude viét chung véi
cac tac gia khac da duge sy dong ¥ ciia dong tac gia khi dua vao luan an.
Cac két qua dugdc trinh bay trong luan an 1a méi va chua ting dugce cong
bd tit truée dén nay.

Tac gia

Nguyén Van Thang



LGOI CAM ON

Luan an dugc hoan thanh tai truong Dai hoc Vinh, duéi sy huéng dan
khoa hoc ctia PGS. TS. Nguyén Van Duc va PGS. TS. Dinh Huy Hoang.
Trude hét, tac gid xin dugce bay t6 long biét on sau siac doi véi nhitng nguoi
thay ctia minh: PGS. TS. Nguyén Van Ditc va PGS. TS. Dinh Huy Hoang,
nhitng ngusi da dit bai toan va dinh huéng nghién citu cho tac gia. Cac
thay da huéng dan nhiét tinh va dong vién tac gid trong sudt qua trinh
hoc tap va nghién ctu.

Tac gia ciing xin chan thanh cdm on Vién Su pham tu nhieén, T6 bo
mon Giai tich, Phong dao tao Sau dai hoc va cac phong chitc nang khac
ctia Truong Dai hoc Vinh da tao diéu kien thuan lgi dé tac gid hoan thanh
nhiém vu cia nghién cttu sinh.

Thc gia xin bay t6 long biét on sau sic tdi gia dinh va nhitng nguoi ban
than thiét da luon sé chia, gitp dé va dong vién tac gid trong sudt qua

trinh hoc tap va nghién ciu.

Nguyén Van Thang



MOT SO KY HIEU THUONG DUNG TRONG LUAN AN

TT | Cac ky hiéu | Giai thich y nghia cua ky hiéu
1 H Khong gian Hilbert H
2 () Tich vo huéng trong khong gian Hilbert H
3 .| Chuan trong khong gian Hilbert H
4 -1l 22(0,1) Chuan trong khong gian L*(0,1)
5 A Toan tit tuyén tinh khong bi chin, tu lien hop,
xac dinh duong
6 A(t) Toan tit phu thudc vao thoi gian
7 D(A) Mién xac dinh ctia toan tir A
8 D(A(t)) Mién xac dinh ciia toan tit A(¢)
9 {di}i>1 Hé co s6 truc chuan trong H
10 {N\i}is1 Hé gia tri riéng clia toan tit A d6i v6i he
vécto rieng 1a co s trie chuan trong H
11 Q Mién bi chin trong khong gian R”
12 R" Khong gian thuc n chieu
13 Uy Dao ham riéng cap mot theo bién thoi gian ¢
14 Uy Dao ham riéng cap mot theo bién khong gian z
15 Uy Dao ham riéng cap hai theo bién khong gian x
16 | C([0,T],H) | Khong gian cac ham lién tuc tw [0,7] vao H
17 | CY([0,T], H) | Khong gian cAc ham kha vi lién tuc tit [0, 7]
vao H
18 Ul(t,s) Heé tién hoa sinh bdi -A(t)
19 Jo(g) Phiém ham Tikhonov vé6i tham s6 hiéu chinh «
20 v(t, g) Nghiém ctia phuong trinh parabolic nita tuyén
tinh véi dit kien ban dau v(0) = ¢
21 T, =T Day {x,} hoi tu yéu t6i =




MO DAU

1. Ly do chon dé tai

Phuong trinh parabolic bac nguyén va bac phan thi nguge thoi gian
duge dung dé mo ta nhiéu hién tuong vat Iy quan trong. Ching han, qua
trinh truyén nhiét [43, 49], qua trinh dia vat 1y va dia chat [22, 37, 58, 59],
khoa hoc vat lieu [65], thiy dong hoc [12], x1t 1§ anh [15, 16, 48, 63], mo ta
sit van chuyén béi dong chét 16ng trong moi trudng xop [89]. Ngoai ra, 16p
cac phuong trinh parabolic nita tuyén tinh dang u; + A(t)u(t) = f (¢, u(t)),
ciing dugc dung dé mo td mot sd hien tugng vat 1y quan trong. Chang
han: a) f(t,u) = u (b— c|ul|*),c > 0 trong mo hinh sinh 1y than kinh cta
cac he thong té bao than kinh 16n ¢6 tiem nang hanh dong [38, 47, 67], b)
f(t,u) = —ou/ (1 + au + bu*) véi o,a,b> 0, trong dong hoc enzyme [62],
c) f(t,u) = —|uPu,p > 1 hoac f(t,u) = —uP trong cac phan tng nhiét [62],
d) f(t,u) = au — bu® nhu phuong trinh Allen-Cahn mo ta qué trinh tach
pha trong hé thong hop kim da thanh phan [6] ho#ic phuong trinh Ginzburg-
Landau trong siéu dan [39], hodc e) f(t,u) = cu(u —0)(1 —u)(0 < 6 < 1)
trong bai toan dan s6 [62]. Bén canh d6, dang phuong trinh Biirgers ngugc
thoi gian cling thuong xuyeén duge bat gip trong tng dung vé dong hoéa so
licu [4, 57, 69], qua trinh séng phi tuyén, trong 1y thuyét vé am hoc phi
tuyén hay 1y thuyét no [64] va trong ting dung diéu khién tdi wu [5].

Cac bai toan da néu 6 trén thuong dat khong chinh theo nghia Hadamard
49, 75]. D61 vé6i 16p cac bai toan nguge diat khong chinh, khi di kien cudi
clia bai toan thay doi nhé cé thé dan dén bai toan khong c6 nghiem hoac
néu c6 thi nghiem nay lai cach xa nghiém chinh xac. Vi vay, viéc dua ra
cac danh gia 6n dinh, phuong phap chinh héa ciing nhu cac phuong phap
s6 hitu hieu dé tim nghiem gan ding cho bai toan dit khong chinh luon
13 van dé thoi su. V6i cac Iy do néu trén, ching toi chon dé tai nghién ctu

cho luan an ctia minh la:"Vé danh gia on dinh va chinh hoa cho
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phuong trinh parabolic bic nguyén va bac phan thd nguoc thoi
gian”.
2. Muc dich nghién citu

Muc dich ctia ching toi 1a thiét lap cac két qua mdéi vé danh gia on
dinh cting nhu chinh héa cho cac dang phuong trinh parabolic bac nguyén
va bac phan tht nguge thaoi gian.

3. D6i tugng nghién ciu

D6i véi phuong trinh parabolic bac nguyén, ching to6i tap trung nghién
citu phuong trinh kiéu Biirgers ngude thoi gian, phuong trinh parabolic
nita tuyén tinh ngugc thoi gian. Con déi v6i phuong trinh parabolic bac
phan thi, ching to6i tap trung nghién citu phuong trinh tuyén tinh.

4. Pham vi nghién ctdu

Chung t6i nghién ctu danh gia on dinh va chinh hoa cho phuong trinh
parabolic bac nguyén va bac phan thit nguge thoi gian.

5. Phuong phap nghién ciu

Ching toi st dung cac phuong phap nhu phuong phdp 10i logarithm
2, 28, 32, 35], phuong phdp bai todn gid tri bién khong dia phuong [28, 30,
31, 32, 33|, phuong phap chinh hod Tikhonov [19, 33, 36, 75] va phuong
phdp lam nhuyén [20, 25, 26, 27, 29].

6. Y nghia khoa hoc va thuc tién

Luan an da dat dugc mot sé két qua vé danh gia on dinh va chinh
héa cho phuong trinh parabolic bac nguyén phi tuyén va phuong trinh
parabolic bac phan thit tuyén tinh. Do d6, luan an gép phan lam phong
phi thém cac két qua nghién citu trong linh vie bai toan ngude va bai
toan dat khong chinh.

Luan an c6 thé lam tai lieu tham khao cho cac sinh vién, hoc vién cao

hoc va nghién cttu sinh nganh toan.

7. Tong quan va cau tric cua luan an

7.1. Tong quan mot so van dé lién quan dén luan an
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Bai toan dit khong chinh va bai toan ngugde xuat hién tit thap nién 50
ctia thé ki trude. Cac nha toan hoc dau tien dé cap t6i bai todn nay la
Tikhonov A. N., Lavrent’ev M. M., John J., Pucci C. va Ivanov V. K. Dac
biét, vao nam 1963, Tikhonov A. N. dua ra phuong phap chinh héa mang
tén ong cho cac bai toan dit khong chinh (xem [75]). Ké tit d6, bai toan
diat khong chinh va bai toan nguge da tréd thanh mot nganh riéng ctia toan
vat Iy va khoa hoc tinh toan.

Cho H 1a khong gian Hilbert v6i tich vo huéng (-, -) va chuan || - ||. Xét
bai toan tim ham w : [0,7] — H sao cho

u+ Au= f(t,u), 0<t<T,

1
[u(T) — ¢l < & v

v6i A 13 toan ti tuyén tinh khong bi chan tu lien hgp xac dinh duong trén
khong gian Hilbert H, ¢ thuoc H va f:[0,7] x H — H.

DA c¢6 nhieu két qua danh gia 6n dinh va chinh héa cho bai toan (1)
trong truong hop tuyén tinh f = 0 [3, 8, 11, 43, 49], chang han nhu phuong
phap tua ddo [40, 42], phuong phap phuong trinh Sobolev [21, 23, 41, 68],
phuong phép chinh héa Tikhonov [33, 75, 76], phuong phap bai toan gia tri
bién khong dia phuong [9, 28, 30, 31, 32, 33| va phuong phép lam nhuyén
25, 26, 27, 29]. Tuy nhién, dbi véi bai todn phi tuyén, van con nhiéu van
dé can dugc quan tam nghién ctu. Chang han nhu, tim cac danh gia on
dinh v& chinh héa cho phuong trinh c¢6 hé s6 phu thuoc thoi gian.

Vao nam 1994, Nguyén Thanh Long va Alain Pham Ngoc Dinh ([53])
da xem xét bai toan ngudce cho phuong trinh parabolic nita tuyén tinh dang

(1). Bang cach stt dung nita nhom co lién tuc manh sinh béi toan ti
Az =—A(T+BA) 18>0,

ho dat duge danh gia sai s6 kiéu logarithm trén (0, 1] gitta nghiém ctia bai
toan ban dau va nghiém ctia bai toan chinh héa.
Vao cac nam 2007, 2009, Dang Diic Trong va céc cong su ([77, 78]) xét
bai toan (1) trong khong gian mot chiéu c6 dang
Ut — Uy = f(z,t,u(z, b)), (z,t) € (0,7) x (0,7,
U(O,t) - u(ﬂvt) =0, te (OaT)7 (2)
[u(z,T) — ¢l <e,
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véi f thoa man dicu kién Lipschitz toan cuc. Trong [77], cac tac gia da

chinh héa bai toan (2) bang bai toan

( 00

U — Ugy = D mf(iﬁ t,u")sinnz, (z,t) € (0,7) x (0,T),
n=1
q u(0,t) =us(m,t) =0, t € (0,7)

eut (x,0) + uf(z,T) = p(x) — > (fo mf(a:,s,%)ds) sin nx.

\ n=1

V6i dieu kiéen
M? = ||u(0)|) —|—67T/ Ze_s” fA(u)ds < oo
0

cac tac gid trong [77] da dat duge danh gia sai s6 kiéu Holder nhu sau
lu(t) - w (1) < M exp(BRT(T — £))/2)e'/7.

Trong [78], Dang Dtic Trong va Nguyén Huy Tuén da sit dung phuong
phép phuong trinh tich phan dé chinh héa phuong trinh (2). Cu thé, ho
chinh héa bai toan (2) bang bai toan

0 T
u(x,t) = z:(en2 + e T (gpn — / e(S_T)”an(ue)ds> sinnz.  (3)
t

n=1
V6i dieu kién

oo

> 0t (u(t), ¢a) [P < 00, WE € [0,T], (4)

n=1

trong d6 ¢, = sin(nz), cac tac gid trong [78] dat duge danh gia sai s6 dang
Holder nhu sau

1-t/T
2 t T
lu(t) = u (D) < Mt T Ver ( ) :

1+ln%

Sau d6 vao nam 2010, Phan Thanh Nam ([60]) d& chinh héa bai toan
(1) bang phuong phap chit cut. Tac gid xét A 1a mot toan tit duong tu
lien hop khong bi chan va H ¢6 mot co sd truc chuan {¢;}is1 1a cac vécto
riéng tuong tng véi cac gia tri rieng {\; };>1 clia toan tit A sao cho

0< A <A< va lim A\, = +oo (5)

1—+00
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va f thoa man diéu kién Lipschitz toan cuc. Phan Thanh Nam da chiing

minh bai toan sau la dat chinh

v+ Av = Py f(t,v(t)), 0<t<T,

6

trong do

>\7I,SM

va dat dugc cac két qua nhu sau.
Néu

> et (u(t), ¢,)]? <
n=1
thi véi 0 > T ta co
() — u(t)| < ce''™.
Néu -
SN2 PO (1), ) < B2
n=1

thi véi 8> T ta co

[v(t) —u(®)|| < ce'/T max {ln(l/e)ﬂl7 E(TT)/T} _
Néu N
S e (u(t), ¢n)* < E3
n=1
thi

[o(t) — u(®)|| < ce'/" max {E(ﬂ—T)/T7 €<T—T>/T} '

Vao nam 2014, Nguyén Huy Tuan va Diang Ditc Trong ([80]) da xét bai
toan (1) v6i A thoéa man cac dieu kién nhu trong [60]. V6i v € H, ho dua
ra dinh nghia

Z In* (s)\k - e—Ak) (v, Ok) b

trong d6 In"(z) = max{lnx,0}. Hon nita, hai tdc nay gia st rang f thoa

méan cac dieu kién
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(FO) Ton tai hang s6 Ly > 0 sao cho

<f(t7w1> o f(ta w2>7w1 _ w2> + LOle T w2H2 > 0.

(F1) V6i r > 0, ton tai hang s6 K(r) > 0 sao cho f : R x H — H thda
méan diéu kién Lipschitz dia phuong

Lf (8 wi) = (it wa) || < K (r)llwr — wel
v6i wi, wy € H sao cho ||w;|| < ri=1,2.
(F2) f(t,0) =0 véi moi ¢ € [0, T].

Nguyén Huy Tuan va Dang Diic Trong da chinh héa bai toan (1) bang bai

toan tua dao sau

dv.(t) _
o HA(t) = fu(D),t), 0<t<T, (7)
UE(T) = ¥

Cac tac gid nay can dén diéu kién
T
E? = / Z)\%GQ)\’“MU(S), ¢k>‘2 < 00.
0 k=1
Khi d6, ho dat dugc tdc do hoi tu clia nghiém chinh héa vé nghiém chinh
xac ¢6 dang 5t/T(ln g)t/T_l.

Mic du trong [60, 77, 78, 80], cdc nha toan hoc da dua ra duge danh
gia sai s6 dang Holder nhung diéu kien dit len nghiém 13 manh va khong
dé kieém tra.

Dén nam 2015, Dinh Nho Hao va Nguyén Van Dric ([34]) da chinh hoa
bai toadn (1) bang bai toan bién khong dia phuong

v+ Av = f(t,o(t)), 0<t<T, -
av(0) +v(T)=¢, 0<a<l.
Hai tac gid trén xét ham f théa man diéu kién Lipschitz

[t wi) = f(E w2)l| < Kllwy — wsl (9)

v6i hang s6 Lipschitz k € [0,1/T) doc lap véi t, wy, we.
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Hon nita, véi gid thiét |u(0)|| < E, E > ¢, hai tac gid nay da dua ra

danh gia sai s6 kieu Holder
u(-,t) —v(-,t)|| < CeYTEXYT vt e [0,T). (10)

Dinh Nho Hao va Nguyén Van Dic 14 hai tac gia dau tien dat duge toc do
dang Holder khi chinh héa bai toan (1) chi véi dieu kien [|u(0)|] < E. Tuy
nhien, diéu nay chi dung véi hang sd Lipschitz k € [0,1/T).

Bén canh phuong trinh parabolic nita tuyén tinh, phuong trinh Biirgers
nguoc thoi gian ciing dude nhicu nha todn hoc quan tam nghién ciiu.
Abazari R., Borhanifar A. ([1]), Srivastava V. K., Tamsir M., Bhardwaj U.,
Sanyasiraju Y. ([70]), Zhanlav T., Chuluunbaatar O., Ulziibayar V. ([90]),
Zhu H., Shu H., Ding M. ([93]) da dua ra phuong phap s6 cho phuong
trinh Biirgers. Allahverdi N. va céc cong su ([5]) xét ting dung ctia phuong
trinh Biirgers trong diéu khién t6i wu. Lundvall J. va céc cong su ([56]) xét
ting dung ciia phuong trinh Biirgers trong dong hoéa s6 lieu. Carasso A. S.
([14]), Ponomarev S. M. ([64]) dung phuong phap 16i logarithm dé dua ra
danh gia on dinh cho phuong trinh Biirgers.

Khac v6i phuong trinh parabolic bac nguyén ngudc thoi gian, phuong
trinh parabolic bac phan thit ngudc thoi gian xuat hién muon hon nhung
ciing 1a mot huéng nghién citu hét stic soi dong trong nhitng nam gan day.
Cac nha toan hoc da dat dugc nhieu két qui quan trong theo huéng nghién
cttu nay. Chang han, Sakamoto K. va Yamamoto M. ([66]) da dat dugc két
qud vé si ton tai va tinh duy nhat ngude clia nghiem. Xua X. va cic cong
su ([86]) da dat dugc két qua danh gid on dinh bang phuong phap danh gia
Carleman. Cac phuong phap chinh hoa va cac phuong phap s6 hitu hieu
cho phuong trinh parabolic bac phan thit ngugce thoi gian cting da dugc
cac nha toan hoc dé xuat nhu phuong phap bai toan gia tri bién khong dia
phuong ([83, 85, 87]), phuong phéap chinh héa Tikhonov ([7, 84]), phuong
phép chat cut ([81, 88, 91, 92]), phuong phap tua dao ([52]), phuong phap
sai phan ([50, 51]), phuong phap phan tit hitu han ([45]), phuong phap bién
phan ([82]) va mot sb phuong phéap khéac ([13, 17, 44, 54, 55)).

7.2. Cau trac luan an

Noi dung luan an dugc trinh bay trong 4 chuong. Ngoai ra, luan an con

c6 Loi cam doan, Loi cdm on, Muc luc, Mé dau, Két luan va kién nghi,
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Danh muc céc cong trinh khoa hoc ciia nghién cttu sinh lién quan tric tiép
dén luan an va danh muc tai lieu tham khao.

Chuong 1 trinh bay cac kién thiic co sé va mot s6 kién thitc bd trg cho
cac chuong sau.

Chuong 2 trinh bay céc két qua vé danh gia 6n dinh va chinh héa
Tikhonov c6 hiéu chinh cho phuong trinh parabolic bac nguyén nita tuyén
tinh ngugc thoi gian.

Chuong 3 trinh bay cac két qua vé danh gia 6n dinh cho phuong trinh
Biirgers ngucgc thoi gian.

Chuong 4 trinh bay phuong phap chinh héa cho phuong trinh parabolic
bac phan thi tuyén tinh nguge thoi gian bang phuong phap lam nhuyén.

Cac két qua chinh ctia luan an da dugc trinh bay tai seminar ctia Bo
mon Giai tich thudc Vien su pham ty nhién - Truong Dai hoc Vinh, seminar
cua phong phuong trinh vi phan ctia Vién toan hoc thudoc Vién han lam
khoa hoc va cong nghé Viet Nam, Hoi thao khoa hoc "Téi wu va Tinh toan
khoa hoc lan thit 15" tai Ba Vi ngay 20-22/4/2017. Két qua trong luan an
cling da dugc bao cao tai Dai hoi Toan hoc Viet Nam lan thit 9 tai Nha
Trang 14-18/8/2018.

Cac két qua nay cling da dugc viét thanh 04 bai bao trong dé c6 01 bai
dang trén tap chi thuoc danh muc SCI (Inverse Problems), 01 bai dang trén
tap chi thuéc danh muc SCIE (Journal of Inverse and Ill-Posed Problems),
02 bai (01 bai dang va 01 bai da duge nhan dang) trén tap chi thuoc danh
muc Scopus (Acta Mathematica Vietnamica).

Tac gia

Nguyén Van Thiang
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CHUONG 1

KIEN THUC CO SO

1.1 Khai niém bai toan dit khong chinh, danh gii on
dinh va chinh héa

Cho X, Y la hai khong gian Banach va A la toan tit lién tuc tut X vao
Y. Xét phuong trinh

Az =y (1.1)
trongdoz e X vayeY.

Dinh nghia 1.1.1. ([43, 49]) Bai toan (1.1) dugc goi la dat chinh néu

i) v6i moi y € Y, ¢6 khong qua mot x € X thoa man (1.1),

ii) v6i moi y € Y ton tai nghiem z € X cta (1.1),

iii) ||z — Z||x — 0 khi ||y — g|ly — 0 v6i y = AT.

Néu mot trong ba diéu kién trén khong théa man thi bai toan (1.1) duge
goi la dat khong chinh.

Nghiém =z € X, C X cta (1.1) duge goi la on dinh cé diéu kién trén
tap X7 néu (xem [43])

lo —F|lx — 0 & || Az — AT|ly — 0, T € Xar.

Gia sit rang, nghiém z clia bai toan (1.1) on dinh c6 diéu kién trén tap
Xr. Khi d6, ton tai mot ham ¢ : R, — R, v6i 1(0) = 0 sao cho

[z —Zlx < ¥(|Az — Az[]y). (1.2)

Danh gia (1.2) dugc goi 1a danh gid on dinh ([18, 43]). Trong trucng hgp
V(n) = un?, v > 0 ta co danh gida on dinh kiéu Hélder va day 1a mot "bai
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toan tot". Trong truong hop ¢ 14 ham dang logarithm thi ta dat dudc ddnh
gid on dinh kiéu logarithm va ta c6 mot "bai toan xau". Con trong trudng
hop, ta khong c6 mot danh gia ndo vé téc do tién t6i 0 ctia ¥(n) khi n — 0
ta c6 mot "bai toan rat xau".

Gia st rang, v6i toan tit A va hai khong gian X, Y thi bai toan (1.1) 1
dat khong chinh. Gia stt, véi 7 1a vé phai chinh xac ctia (1.1) thi (1.1) ¢6
duy nhat nghiém z sao cho Az = ¥, nhung ¥ khong dudc biét ma ta chi

biét gan diung ctia n6 13 y; véi sai s6 § duge xac dinh

lys — ylly < 0.
Vi (1.1) dat khong chinh nén ta khong thé ding toan tit nguge A~! dé tim
xs5. Ttc 1a, khong thé tim x5 bang cach x5 = A 'ys, béi vi toan ti ngude
c6 thé khong xac dinh tai y; hodc 1a khong lién tuc trén Y.
Dé tim nghiem gan ding zs, ta st dung toan tit chinh héa.
Dinh nghia 1.1.2. ([18]) Toan tit R(y, ) tit khong gian Y vao khong gian
X dugc goi 1a chinh héa ctia phuong trinh (1.1) (d6i v6i phan ti 7) néu
i) ¢c6 mot s6 47 > 0 sao cho R(y,d) xac dinh trén [0, d;] va véi ys € Y ta c6
lvs — Ylly <9,
ii) v6i moi € > 0, ton tai dy(e, ys) < 6; sao cho tit bat dang thiic
lys —Flly <9 <do

suy ra dugc
Hx(S - fHX <€
trong d6 x5 = R(ys,0).

Trong dinh nghia trén, néu &, khong phu thudc vao ys thi ta goi la
chinh hoa tién nghiém. Con trong truong hgp, op phu thudc vao ys thi ta

goi la chinh hoa hau nghiém.

1.2 Mot sé két qua bb tro

Bo6 dé 1.2.1. (Bat ding thiic Young) Vdi hai s6 khong am bat ki a,b va

p>0,q9>0 sao Ch01—|—1=1, ta co
P 4q
a?  b?
ab < — + —.
p q
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Bo dé 1.2.2. (Bét déng thiic Holder) Cho a; > 0,b; > 0,4 = 1,2, ...,n va

1 Lz
p>0,q>0 sao cho —+ — = 1. Khi do, bat dang thic sau ding
p 4q

i=1 i=1 i=1
Dinh nghia 1.2.3. ([10]) Ham Gamma I' dugc xéc dinh bdi cong thiic
['(z) = / e "t dt (1.3)
0

v6i z thudce nita mit phang bén phai Rez > 0 clia mat phang phiic.

Nhan xét 1.2.4. ([10]) Him Gamma I' ¢6 cac tinh chat sau
1) 1) =1,
2) I'(n+1) =n!, Vn € N*.

Dinh nghia 1.2.5. ([10]) Ham E, 3(z) dugc xac dinh béi

> k
2
4(2) kEO T(ak + B) zeC

trong d6 a > 0,8 > 0 va I' 1a ham Gamma dudc goi 1a ham Mittag-Leffler.

Bo dé 1.2.6. ([52]) Gid st rdng 0 < vo < v1 < 1. Khi dd, ton tai cic hing
s0 C,Cy > 0 chi phu thuoc vao o, v1 sao cho
C 1 C 1
Ml—7)1—=x < Brale) < F(l—ly) 1 —2a’
Dinh nghia 1.2.7. ([10]) Cho f la ham kha vi lién tuc trén [0,7] (T > 0).
Dao ham bac phan thi Caputo véi bac v € (0,1) ctia ham f trén (0,7
dugc xac dinh nhu sau

< 0,7 € [y, m]

d’ 1 ¢ . d
f(t):—V)/o(t_S) Vd—f(s)ds, 0<t<T.

dt I'(1— s
Dinh nghia 1.2.8. ([61]) Véi v € L2(R"), phép bién doi Fourier ctia ham
v duge dinh nghia bdéi
1 )
F(v =0(§) = n/ e Ty (z)de
(€)= 7(6) = 7= [ ol
va phép bién doi Fourier nguoc ducge dinh nghia béi

FLW)(€) = o(€) = ﬂl_ﬂ / )
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Dinh nghia 1.2.9. ([72]) Cho ham u : R" — R.
i) Khong gian L*(R") dugc x4c dinh béi

L*(R™) = {u ; |u|*dr < oo}
Rn

se 2
v6i chuan

3
fulli= e = ([ fufas)

ii) Cho s > 0. Khong gian H*(R") dugc xéc dinh bdi
@) = us [ P+ ey < oo

v6i chuan duge xéc dinh nhu sau

oy = ( [ [P+ ey f.

Dinh nghia 1.2.10. ([61]) Véi f,g € L*(R") tich chdp ctia f va g dugc ki
hiéu la f % g va duge xac dinh bdéi

(f*g)(x) = (\/%) ” F(W)g(z —y)dy, © € R™.

Dinh nghia 1.2.11. ([61]) Ham D, (z) = H sin{va;) (v > 0) dugc goi la
j=1 T

nhan Duirichlet.
Bo dé 1.2.12. ([61]) Nhan Dirichlet ¢6 cdc tinh chdt sau
i) Voi M, ={z e R": |zj| <v,j=1,2,....n} va Q, =R"/M,, ta cé

2\ ~ 1 tréen M,
) D, =
@ 0 tren Q..

F[S,(f)] = [ trén [—v, V).
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CHUONG 2

DANH GIA ON PINH VA CHIiNH HOA CHO PHUONG
TRINH PARABOLIC NUA TUYEN TiNH NGUGQC THOT
GIAN

Trong chuong nay, dau tién ching toi dua ra cac két qua danh gia
on dinh cho phuong trinh parabolic nita tuyén tinh ngude thoi gian. Sau
d6, ching toi dung phuong phap Tikhonov c6 hieu chinh dé chinh hoéa
phuong trinh nay. Két qua trong chuong nay ctia chung toi 14 nhitng két
quéa dau tién dua ra danh gia 6n dinh, ciing nhu chinh héa cho phuong
trinh parabolic nita tuyén tinh nguge thoi gian (hang sé Lipschitz khong
am tuy y) chi v6i diéu kién bi chén ciia nghiem tai ¢t = 0. Cac két qué nay
da dugce cong bo trong hai bai bao:

- Duc N. V. | Thang N. V. (2017), Stability results for semi-linear parabolic
equations backward in time, Acta Mathematica Vietnamica 42, 99-111.

- Hao D. N, Duc N. V. and Thang N. V. (2018), Backward semi-linear
parabolic equations with time-dependent coefficients and locally Lipschitz
source, J. Inverse Problems 34, 055010, 33 pp.

2.1 Danh gia 6n dinh cho phuong trinh parabolic nita
tuyén tinh ngudc thsi gian véi hé sé phu thuéc
thoi gian

Cho H 1a khong gian Hilbert v6i tich vo hudng (-, -) va chuan || - ||. Gia

st rang cac dieu kién sau thoa man:

(A1) A(t) 1a toan tit tuyén tinh xac dinh duong, tu lien hop va khong bi
chan trén H v6i moi ¢ € [0, T].
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(A2) Néu u; : [0, 7] — H,i = 1,2 la hai nghiém ctia phuong trinh

_du
Cdt

thi ton tai ham lién tuc a1(t) trén [0, 7] sao cho

Lu + A(t)u= f(t,u), 0<t<T, (2.1)

c<ay(t) < e, Vit e[0,T],

véi ¢, ¢1 1& cac hang s6 thuc va ton tai hing s6 ¢ sao cho w = uj — us
théa man bat dang thic
d

- (A(H)w,w) = =2 (At)w, w;) — ay(t) (A(t)w, w) — co||w])?.

Véi t € (0,77, dat
a(t) = exp < /O al(T)dT>, as(t) = /0 0 () dE
va

ag(t)
v(t) = as(T)’

(2.2)

Nhan xét 2.1.1. i) Ldp cac toan tit A(t) théa man (Al) va (A2) 1a rong.
Mot vi du don gian cho mot toan tit nhu vay la A(t) = a(t)B véi B tu lién
hop, xac dinh duong va khong bi chin va a(t) > ag > 0, kha vi lién tuc.
Trong truong hop nay, ching ta c6 thé 1ay a,(t) = a:(t)/a(t) va ca = 0.

ii) Néu a1 (t) < 0 thi v(t) > %

t
, d
i) Néu A() = a(t)A thi ay(t) = 2 do do w(t) = Jo a(s)ds o e,
a(t) OT a(s)ds

néu A(t) = A thi v(t) =t/T.

Bay gid, ching ta dua ra cac danh gia 6n dinh. Trudc hét, ta xét cac
danh gia 6n dinh véi rang buoc clia nghiém trén mién [0, T]. Gia st f thoa

méan diéu kién (F1) nhu sau

(F1) Véi r > 0, ton tai hang s6 K(r) > 0 sao cho f: [0,7] x H — H thoa
man diéu kién Lipschitz dia phuong

1t wi) = f(E wa)l] < K(r)]Jwy — wy

VOl wy, wy € H sao cho ||w;|| < ri=1,2.
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Dinh 1y 2.1.2. Gid st rang A(t) théa man cac dieu kién (A1),(A2) va f
théa man diéu kién (F1). Cho uy va ug la hai nghiém cia bai toan (2.1)

thoa man ||u;(T) — || < e vdi ¢ € H va rang buoc
lu;(t)| < E, te€[0,T], i=1,2 0<e<E.
Khi do, voit € [0,T] ta co
ut(t) — us(t)|| < 2O B exp (03V(t)(1 - V(t))), (2.3)

trong do
1
c3 = (§K2T + |eo| T + 2K> C4Cs

vdi ¢y = a3C(FT),C5 = max{exp|c1|T,exp|c|T} va K = K(E) la hing so

Lipschitz dugc xac dinh bdi (F1).

Chtng minh Dinh ly 2.1.2

Dé ching minh dinh 1y nay, ching ta can cac bo dé sau.

Bo dé 2.1.3. Néu h la ham khd tich Riemann va tang trén [0, 1], tha

t/ol h(s)ds > /Oth(s)ds,t €0,1].

Chiing minh. Vi h 1a ham tang trén [0, 1] nén v6i moi t € [0, 1] ta c6

t/l h(s)ds > t/l h(#)ds = t(1 — D)h(t)

va
t t
(1- t)/ h(s)ds < (1 — t)/ h(#)ds = £(1 — £)h(t).
0 0
Do do, tj; s)ds > (1—1t) fo dshaytfo fo s)ds,t € [0,1].
Bo6 dé dudc ChlIIlg minh. ]

Bo6 dé 2.1.4. Néu p la ham khong am va khd tich tren [0, T) th

/O " ( /0 ' p(s)ds) du(r) - v(t) /0 1 ( /0 Tp(s>d8) dv(r) <0,

trong do v(t) dugc zdc dinh bdi (2.2) va dv(1) = v, (T)dT.
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Chiing minh. Dat h(v(t)) = [} p(s)ds,t € [0,T]. Vi v(¢) 1a ham lien tuc
tang ngat tren [0, 7] nén h( (t)) 1a ham tang theo bién v. T (2.2) ta thay
0<v(t)<1,te(0,T]. Ap dung B6 dé 2.1.3, ta c6

o(#) /0 hdv(r) > /0 " (),

Do do
v(t) T 1 T
/ ( / p(s)ds) du(r) — v(#) / ( / p(s)ds) du(r) < 0.
0 0 0 \Jo
B6 dé dude ching minh. O
Bo dé 2.1.5. Dit 2z = up — up va B(t)z = z + A(t)z. Néu ||z(t)|| > 0 vdi
moi t € [0,T] va ton tai hang so6 K sao cho |B(t)z|| < Hz|| thi
4 (A(), 2) AWz ) 1.,
—— L > g (f)———F — —K” — 0,
dt - |[2]]* =122

trong dé a,(t) va ¢y duge xdc dinh bdi (A2).
Chimg minh. Tt (A2) ta c6
M ()
d
= (- 5 4022 ) [P+ 2(A(0)2.2) (2,
> (= 20402, 2) — a1(t) (AW®)2,2) — oo} 217) |12
+2(A(t)z, 2) (z, —A(t)z + B(t)2)
= (= 2(A®)z, AWM= + B()2) — ar(t) (A(1)z, 2) — eal|2[2) | 211
—2(A(t)2 - 5B(t)2, z>2 4 (B(t)z, 2)2.

Do do

o0t (~ 5 5050 2 [JAes - B0 118 - S1BeP1a?

— 2<A(t)z — %B(t)z, z>2 + % (B(t)z, 2)°
— (1) (At)2, 2} ] — eall 2]
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Stt dung bat dang thitc Cauchy-Schwarz, ta c6
1 20 1 2
S > i )
|A®= = 5B®=| 11217 > (A®)z - 5B®), 2)

Ching ta dat dugc

o0 (~ ) 2 —an® Az 2 el — (5K o) el

KRER 2
V1 vay,
1 (A2, 2) A=) 1,
—— L > ()t — K — 0.
dt - ||z]]? I=1]? 2
B6 dé dudc chiing minh. O

B6 dé 2.1.6. Ta ki hiéu z = u; —usy, B(t)z = 2+ A(t)z. Gid sit||z(t)| > 0
vdi t € [0,T] va ||B(t)z|| < K||z||, dat
(A(t)z,2z) 1

W ="TLE @ 24)

va p(t) = Qu(t) + (|eo] + 3K?) c5, trong dé as(t) = exp(fot a1 (7)dr) vdi
a1(t) dugc zdc dinh bdi (A2) va c; = max { exp(|c1|T), exp(|c|T)}. Khi dé,
p(t) = 0,t€[0,T] va

Q) = @)+ [ plo)ds — (35 + el et

Chiing minh. Vi as(t) = exp( [} a;(7)dr) nén

RZIGEC Y
Q) =~ (= [ )

va

Ap dung B6 dé 2.1.5, ta c6

Qi) 2 = <%K2 + Cz> exp (— /Ot al(T)dT> .

Vi e < ay(t) < cp nén |ai(t)| < max{|c], |c|[}. Do d6,

exp (— /Ot CL1(7')dT> < 5 = max { exp(|e1|T), exp(|¢|T) }. (2.5)
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Suy ra

2
Do d6 p(t) = 0, t € [0,T] va Qu(t) = p(t) — (K2 + |c2]) ¢s. Lay tich phan
hai vé ctia bat ding thic nay véi can tit 0 dén ¢, ta dugc

Qi(t) = — (le + |CQ\) Cs.

Q) = @)+ [ plo)ds — (557 + e ) et

B6 dé dude ching minh. ]

Bay gig, ta chiitng minh Dinh 1y 2.1.2.
Dat z(t) = ui(t) — us(t) va B(t)z = 2z + A(t)z. Tu diéu kien (F1) va
|lu; ()| < E,t €[0,T],i = 1,2 suy ra ton tai hang s6 K = K(FE) sao cho

[B()z]| = [lz: + A() 2] = 1f (t, uz) = f(t un)|| < Kllur — ua| = Kl|2]].

(2.6)
Dat h(t) = |2(8)|%, ¢ € [0, T]. Ta c6
he(t) = 2(z,21) = =2 (A(t)z,2) + 2 (B(t)z, 2) .
Néu ||z(#)|| > 0 v6i moi ¢ € [0,T] thi
() (A7) | (B(1)7.2)
R R E (27

Vi v(t) la ham lién tuc va tang ngat trén [0,7] va v(0) = 0, v(T) = 1, nén
v(t) ¢6 ham ngugce. Dat

g(t) == h(v Y(t/T)), te[0,T].

Suy ra
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Véi ¢y = as(T) ta co
g(Tv(t) . (A(t)z,z) 1 2¢4 (B(t)z, 2)
o) - R w® T wolE
Tit (2.8) va Bo dé 2.1.6, ta c6
gy(TU(t))—c c t s)ds — L2 Cca| | cac
O 2ck0(0) + 201 [ o)ds 2 (5% + ol ) et
2¢4 (B(t)z, 2)
ay(t)| 2|
t 1,
= 2c4Q(0) + 204/0 p(s)ds — 2 <§K + \02|> cacst
(B(t)z, z) :
+ 2C4W exp <_/0 al(T)dT> : (2.9)
T exp (— IN CL1(7‘)CZ7’> < c5 va (2.9) dan dén
gv(Tw(1)) :
(T (1) < 2¢4Q(0) + 204/0 p(s)ds + 2K cycs. (2.10)

Vi ay(t) > 0,t € [0,T],a3(T) > 0 nén

(t) = % <;33((?>> = % (fojj((;))d§> - ;32(% > 0,te0,T]. (2.11)

Tir (2.10) va (2.11), ta c6

gv(Tw(t))
g(Tv(t))

Lay tich phan hai vé ctia (2.12), ta dugc

0 g, (Tu(r)
| iy v

v(t) T
< / (204@(0) — 204/ p(s)ds + 2KC4C5) v, (T)dT.
0 0

u(t) < (2C4Q(0) 2 /0 t p(s)ds+2KC4C5> wt).  (2.12)

Chu y rang dv(7) = v, (7)dr, ta c6

) g, (Tw(r))
[ e

< /0 " (2(;4@(0) + 920, /0 " p(s)ds + 2K04c5) du(r). (2.13)
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Do do,
Ing(Tr(t)) <lng(0) + 2¢4Q(0)v(t)

+ 2¢4 /Oy(t) (/OTp(s)ds) dv(T) + 2K cyc50(t)

suy ra

g(Tw(1)) < 9(0) exp{ 24(Q(0) + Kes)w(t)

2 /O " ( /0 ' p(s)ds) ()},
Vi vay,

g(Tl/(t))l_”(t) <g(0)1_”(t) exp {(204(@(0) + Kes)v(t)(1 —v(t))

4+ 2ese(1 — v(#)) / " ( /O ' p(s)ds> avn)}. (2

0
Tir (2.6) va (2.9), ta ¢6

t
) >2¢4Q(0) +204/ p(s)ds
0
1
-2 (§K2 + ’CQl) cacs T — 2K cqcs,. (215)

Tt (2.15), tuong tu nhu trong ching minh (2.13), ta c¢6

/V(lt) %du(ﬂ Z /y;) {204@(0) + 2¢4 /OTp(S)ds
-9 (%KQ -+ |02‘> cycs T — 2Kc4c5}dy(7—)’

hay

Ing(Tv(t)) <Ing(T) — 2c4Q(0)(1 — v(t)) — 2¢4 /1) (/OTP(S)cLS) dv(7)

v(t

+ 2 (%KQ + \CQO cacsT(1 —v(t)) + 2K cqcs(1 — v(t)).

Suy ra
o(rvi0) <a(yesp { - 200000 = vi0) 20 [ ([ ntspas)autr

+ 2 (%K2 + |CQ|) cacsT (1 —v(t)) + 2K cye5(1 — V(t))}
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Vi vay
g(Tv ()" < g(T)""

<exp { 20O~ (1)~ 2e(t) [ 1) ([ ptsyas) vt

v(t

+2 (%Kz + ]02|) cacsTr(t)(1 —v(t)) + 2K cycsv(t) (1 — V(t))} (2.16)

T (2.14) va (2.16), ta dat dugc

g(Tv(t)) <g(0)"Wg(T)"W exp {204(1 —v(t)) /V(t) (/OT p(s)ds) dv(T)

0

~ 2eu(t) / ;) ( /0 ' p(s)ds) du(r) + AK csesv(£)(1 — v(t)
) (%KQ + |c2\> ciesTo(t) (1 — V(t))}
< 9000 exp {2, / " ( /O ' p(s)ds) dv(7)

:
e (t) /0 1 ( /0 ' p(s)ds) dv(r) + AR csesr(B)(1 — (b))
49 (%K? + |CQ\> cesTv(t) (1~ (1)}, (2.17)
Tit (2.17) va Bo dé 2.1.4 ta c6
g(Tw(t)) < g(0)' " Wg(T)"
Ve <2 (%KQT +leo|T + 2K> cscsv(#)(1 — y(t))> C218)

Tit g(Tv(t)) = h(t), g(0) = h(0), g(T) = h(T) va bat dang thic (2.18)

suy ra
h(t) <h(0)' " On(T)"
X exp (2 (%KQT + |eo| T + QK) cacsv(t)(1 — y(t))) .
Vi vay,
=) <=1 @)=(T) )"

X exp ((%KQT leo|T + 2K> exesv(t)(1 — V(t))) (2.19)
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Tir
[2(D)] = [lua(T) = ua(T)|| < [[ua(T) = pll + [lua(T) — | <22
1Z(0)[| = [[u1(0) = u2(0)[| < [Jur (0)[| + [Ju2(0)[| < 2F,

ta dat dugc (2.3).

Bay gig, ta xét truong hop khi ||z(¢)]| ¢6 the triet tieu. Néu ||z(0)]| = 0,
thi ||2(¢)|| = 0 v6i moi t € [0,T]. Do d6, néu ||z(0)]| = 0 thi bat dang thiic
(2.3) 1a hién nhién. Néu ||z(0)]] > 0, thi ||z(¢)|| > 0 v6i moi ¢t € [0, T]. That
vay, gid sit ngude lai, goi ty 1a diém bé nhat thuoc [0,7] ma [|z(t)| = 0.
Do dé ||z(¢)]| > 0 v6i 0 < t < s < to. St dung danh gia on dinh (2.19) v6i
T dudc thay thé bdi s < ty va cho s 1ty ta dat duge mau thuan.

Dinh 1y dugc chiing minh. O]

Dinh 1y 2.1.2 khong dua ra bat ki thong tin ndo vé sy phu thuoc lién
tuc ctia nghiem bai toan (2.1) tai ¢ = 0 theo dit kién cudi tai t = T vi

v(0)

=% =1 - 0 khi ¢ — 0. Dé thiét lap su phu thudc nay, ching to6i doi
hoi nhiéu diéu kien hon doi véi toan tit A(t) va tinh bi chdn manh hon ctia
nghiem. Cu thé, chiing toi gid st ring A(t) = a(t)A v6i A 1a toan tit xac
dinh duong, ty lien hgp va khong bi chan va a(t) 1a ham kha vi lién tuc

tren [0, 7] thda man 0 < ap < a(t) < a;. Chung toi dat duge két qua sau.

Dinh ly 2.1.7. Cho D(A) C H va A : D(A) — H la todn ti zdc dinh
duong, tu lién hop va khong bi chdn sao cho vdi hé co sd truc chudan {¢;}is1
trong H thi A c6 hé gid tri rieng {\;}is1 théa man 0 < Ay < Ao < ...
va zEELnoo Ai = +oo. Gid st a(t) la ham kha vi lien tuc trén [0,T] sao cho
0<ag<a(t) <a, M = trer%oa%(] la(t)| < +o00 va f théa man dicu kién (F1),
uy va uy la hai nghiém cia bai toan u + a(t)Au = f(t,u(t)),0 <t < T
théa man ||u;(T) — || < e, i=1,2. Khi dé, ta cé cdc ddnh gid on dinh
sau.
i) Néu

> (uit), 6a)” < Bt € [0,7)i = 1,2, (2:20)

n=1
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véi E > ¢ va >0 thi

— 1—v(t)
q EN-8 €
_ < vty () il £
lui(t) —ua(t)]| < Ci(t)e"WE <ln 8) + = , t€10,T],

trong do v(t) = va C1(t) la ham bi chan trén [0,T).
i) Néu
i e (ui(t), ¢)> < E*t € [0,T),i=1,2 (2.21)
n=1
vo”’z’E>€vd'y>Othi
lur () = ua(t)]| < Co(t)e D E, ¢ € [0, 7],
7+ Jy al§)dé

vVt foT a(§)dé

Chting minh Dinh 1y 2.1.7
Dat z(t) = ui(t) — us(t) va B(t)z = 2z + a(t)Az.

Chung ta can cac két qua bo trg sau.

trong dé v (t) = va Cy(t) la ham bi chan trén [0,T].

Bo dé 2.1.8. Gid st u;(t),i = 1,2 théa man (2.20). Néu |B(t)z| < K||z||

thi ton tai hang so6 cg sao cho

T ,_\ v(s)
D) =27 [ (5> Je(s)Pds < Sll=(O)IP + oz
0
vdi v(t) = M.
f() a(f)df

Chiing minh. Tuong ti nhu trong ching minh ctia Dinh 1y 2.1.2, ton tai

hang s6 ¢ sao cho
2O < IO OO exp ()1 - vir)). (222
Tit (2.22) va bat dang thiic

12(D) = Nlua(T) = ua(T)| < [Jur(T) = pll + [lua(T) — l| < 2¢
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ta dugc

T\ )
— E
D) < 2T [ (—) (@) (T)

% exp (2er(s)(1 — v(s))) }ds

< 2K T/ (4E2)" |2(0) [>T exp (2¢70(s)(1 — v(s))) ds

T

< 2F2T/{ <HZ(O)H2€XP ( B V(S)(l " 4F2T2a61a1)>>1_y(8)

0
X (4@8 exp ((1 + 4K2T2a61a1 + 2¢7) (1 — V(S))))V(S) }ds.

Ap dung bat ding thic Young, ta c6

T

D() < 2F2T|\z(0)\|2/(1 —o(s)) exp = v(s)(1+ 4K T a5"ay) ) ds

+ 8?2TE5/1/(3) exp ((1 + 4F2T2a51a1 + C7> (1-— V(s))) ds. (2.23)

Tu 0 < v(t) <1,a0 < alt) < ap véi moi t € [0,T] va (2.23), ton tai hiang

sO cg sao cho

T
D(2) < QKQTHZ(O)H?/exp (— () (1 + 4T a5 ay) ) ds + g e

+ 4K T2a0 al)) }ds + cgFe

7 as)
< 2T 0/ a Ta(&)df
X exp( (s)(1+
)dg

2K2Tf0 [=(0)]?

X /ﬂai exp < —v(s)(1+ 4F2T2a0_1a1))d5 + cgBe.
0 @



Tu q
di(s) = —5)ds_
fo a(§)d§
suy ra
oK T r
D(z) < —1Hz(0)\|2/exp ( —v(s)(1+ 4K2T2a61a1))du(s)
a
! 0
+ CGEE
2K Tay' d —
< %_2[0 alo) g|yz(o)y|2 + coBe
1+4K T2a51a1
—2
2K T?ay" 2
RO |
1 +4K TQaalal
Vi vay
1 —
D(z) < 5“2(0)“2 + cgEe.
Bo6 dé dugc chiing minh. O

B dé 2.1.9. Gid sttwi(t),i = 1,2 théa man (2.21). Néu |B(t)z|| < K||z|
thi ton tai hang s6 cg sao cho

T, _ _2J5a)de
E\ o a©de

Dy(z) = 2R°T / (-) 12(s)|%ds

£
0

2 a(g)de 2

< %HZ(O) 12 + cg B rHId a(©d gr+Ji ale)de

Chiing minh. Tuong ti nhu trong ching minh ctia Dinh 1y 2.1.2, ton tai

hing s6 cg sao cho

[z < 12O O D)0 exp (cor()(1 —v(@)). (224

Tir (2.24) va bat dang thic ||2(T)| < 2e, ta c6
T . 2J5a®©ds

~ E\ o ade
Di(z) = 2K2T/ (; 0 12(s)]ds
0

T o 2Jgae)de
E\ o a©ds

<ﬂ?T/{(—) ()P (7))

€
0

X exp (Qng(s)(l — V(s))) }ds
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T
~ ~ 1-v(s))
<2R°T / L(1200) exp(—v()(1 + 4R T 0 ay)
0

- 2f§Ta(5)d§
E\ "o a®©ds
< (=P (—)

X exp (1 +4K°T%a5 ay + 2(:9) (1— V(S)))V(S)}ds.

Ap dung bat ddng thic Young, ta co

T
D1 (z) < 2K°*T)2(0)]? /(1 — u(s)) exp(—v(s)(1 + 4K>T%ay ' ay)ds
0
_2Ji a©)e 2y

+ 822 E+If ade gt JT al)de
X exp ((1 +4K*T?a5 ay + 269) (1— 1/(3))) ds.

Tuong tu nhu chiing minh ctia Bé dé 2.1.8, ton tai hing s cg sao cho

2 a(&)de 2y

Di(z) < %HZ(O)H2 + g B0 e(@de g I ooy,

B6 dé dude ching minh. O

Bay gio, chiing ta chitng minh Dinh 1y 2.1.7.
Chaing minh phan 1): Tt (2.20) ta c6

00 1 - 00 e
IO = 32 5087 (ust)son)? < N2 52N (i), 00} < N
n=1 ‘1 n=1

Tit (F1) suy ra ton tai hing s6 K = K(A\;"E) sao cho
1Bzl = [1f(t,w) = ft,u)ll < K2

Vi w; théa méan w; + a(t)Au; = f(t,u;) nén

- T
ui(t) = Z (e/\n S, al€)de (wi(T), ¢n) — /e)\n J O (£ (5 ui(s)), dn) ds> On-
n=1 +

Dat z = u; — up. Bdi Bo dé 2.1.8 va diéu kien (F1), ton tai hing s6

K = K(\"E) sao cho

IB(t)z] < K2



Do do

(2(0), @) = o %

Détm:min{nEN:)\n>

[2(T)]| = lua(T) — ua(T)|| <

~

nen
120> = > (2(0), ¢
n=1
ni—1
= Z (eA"fo
n=1

)? =

2

(T, ) —

+3 55 (=0).0,)

n=ny 7\

nlfl
<2} el aeyis
n=1

.
+ T—h’l—
2fo a(§)d§ €

¢n —|‘2TZ/ 2An fO d§

Enl—l
< 2- Z<
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)u) = [ MU B(s)z )
0
T;lnz}. Vi
fo a(§)d¢ €
|u1(T) — | + [[ua(T) — | < 2¢,

i”kmwwm>>
). 6n) nll( / I (B(s)2, 6 ds )
n=1 0
s
> (a(0),00)°
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_ T __ _

E EAN\v(s) 1 EN 28

<2;HZ(T)H2+2T/<E> ||B(s)z\|2d5+4<mlng) o8
0

T

_26

_ 1 E _ B\ v ()

< 8E + 4 (T— In —> B2 —|—2K2T/ (—) 12(s)||%ds.
2f0 a(§)d§ € 0 &

(2.25)
Tt (2.25) va Bo dé 2.1.8 suy ra
—\ —28
9 1 ) —2 —
[z(0)[" <8 ————In— E™ + (16 + 2¢¢) E-e. (2.26)
2]0 a(ﬁ)df

€

Tit (2.26) va bat dang thiic ||z(T)|| < 2e, ta dat dugc két qua phan i) clia
dinh Iy
Chitng minh phan 11): Tt (2.21) ta c6

Huz ”2 2627/\ Uz >2 < EQ.

Khi d6 ton tai hing s6 K = K(E) sao cho ||B(t)z| < K||z|. Dat

1 E
nz—min{nEN:/\n> T ln—}.
v+ [y al§)ds €

Tuong ty nhu trong chiing minh ctia phan i), ta c6

7?,2—1

O <23 e Io 4l ((T), ,)?

ngl

+2TZ/ 2[5 €4 (B(5) 2, ) ds+z o, ((0). 60"

n=ns

2fo a(€)dg T 2 J§ a(§)dg

E\ +Id a0 - B\ T et
< (—) ()P + 2R°T (—) J(s)]ds

0

2y 00
IS v fTa a
N (E) +o a()d Z T (2(0), dp)?

n=ns
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hay
2y 2] a(©)ds ~ . E viff(z}at(f(?)ijf
12(0)]|? < 1270 «©ie Erid et 4 2[C3T / - I2(s)]*ds.
0
(2.27)
Tt (2.27) va Bo dé 2.1.9, ta c6
ZJ‘OTTa@)ds -
12(0)||? < (24 + 2¢8) By 0 % et aterae (2.28)

Tt (2.28) va bat dang thiic ||2(T)]] < 2¢, ta dat dudce két qua phan ii) ciia
dinh 1.
Dinh 1y dugc chitng minh. O

Nhan xét 2.1.10. i) Trong hai dinh 1y trén ching toi chi doi hoi diéu hieén
(F1) d6i v6i ham f.

ii) Dé chitng minh danh gia 6n dinh véi t € (0,T] cho trusng hgp tuyén
tinh, trong [32] cac tac gid 4p dung phuong phap 16i logarithm béang cach
stt dung dao ham bac hai ctia ham h(t) = ||u(t)||?, ¢t € [0,T]. Tuy nhién,
ddi véi bai toan phi tuyén (2.1), thi ham h(t) c6 thé khong c6 dao ham
bac hai. Do do, chung t6i phai ap dung mot ki thuat hoan toan khéc dé
c6 duge cac danh gia on dinh trong cac dinh Iy tren.

iii) Mic du ching toi yeu cau ham f chi théa man diéu kién (F1), két qua
clia chting toi trong Dinh 1y 2.1.7 vin manh hon so v6i két qua ciia Nguyén
Huy Tuén va Diang Dtic Trong trong [80], vi céc tac gid nay chi xét bai
toan (2.1) véi he s6 hang va f théa man cac dieu kién (F0)—(F2) nhu sau.

(FO) Ton tai hang s6 Ly > 0 sao cho
<f(t7w1) _ f(tan)awl T w2> + LOle _ w2|’2 > 0.

(F1) Véi r > 0, ton tai hang s6 K(r) > 0 sao cho f: [0,7] x H — H thoa
méan diéu kién Lipschitz dia phuong

[f(t,wr) = [t wo)|| < K (r)[Jwr — ws
v6i wy, we € H sao cho ||w;|| < ri=1,2.

(F2) f(t,0) =0 v6i moi t € [0,T].
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Hon nita, Nguyén Huy Tuan va Dang Dic Trong dat diéu kien manh len

nghiém la

E? = /Ti)\zez)"“|<u(s), gbk>|2 < 00, (2.29)
0

k=1
nhung chi dat dugc danh gia dang logarithm tai ¢t = 0 nhu sau

e

t/T—1
va(t)—u(t)Hngt/T(ln) ., Vtelo,T).

€
Cac dieu kien (2.20) va (2.21) ctia ching t6i yéu hon so véi dicu kien cia
céc tac gia trong [80] va trong truong hop (2.21) ching to6i dat duge danh
gia dang Holder tai ¢t = 0.

Trong Dinh 1y 2.1.7, diéu kién ching toi dat ra yéu hon so vé6i dieu kién
ma Nguyén Huy Tuén va Dang Ditc Trong da dat ra trong [80]. Tuy nhien,
cac dieu kien (2.20) va (2.21) doi hoi tinh bi chin clia nghiém trén toan
mién ¢ € [0, T]. Dé dat két qua tét hon chi v6i tinh bi chin clia nghiém tai
t = 0, chtng toi gia thiét them rang
(F3) Ton tai hiang s6 L; > 0 sao cho

(f(t,wr) — f(t,wa), w1 — wa) < Lylwy — wol*.

Ching toi dat duge két qua sau.

Dinh 1y 2.1.11. Gid st todn ti A(t) théa man cdic diéu kién (Al1),(A2)
va f théa man cic dieu kien (F1)-(F3). Néu uy va us la hai nghiém cia

bai toan (2.1) vdi rang buoc ||u;(T) — || < € va
lw;(O)| < E, i=12,

vo1 0 < e < E thi

2
x "W R0 vt e [0, 77,

Jur(6) — ws(8) | < 2exp ( (1K2T Tl + 2K) cresv(1)(1 - vi(1)))

trong do ¢y = a3}T),C5 = max{exp |c1|T,exp |c|T} va K = K(el'TE) la

hing s6 Lipschitz zac dinh trong (F1).




36

Chiing minh. Ta c6

d
sl = 2 s ) = —2 s, Alt)) +2 s, F(1,20)) < 2, (0, ))
Tu céc dieu kien (F2) va (F3) ta c6

Do d6, néu u; va up 1a hai nghiégm ctia phuong trinh (2.1) thi
L (D)2 < 2Ll
dt 1 ~ 1 Y

hay

d _
= (lus(t)|Pe21) <.

Ta suy ra
lus(0)]* < e us (0)|* < 7B i =1, 2.

Ap dung Dinh 1y 2.1.2 véi E duge thay béi ef1TE ching ta nhan duge két

luan cua dinh 1y. ]

Nhan xét 2.1.12. Dinh Iy 2.5 trong [32] vé danh gia on dinh cho phuong
trinh parabolic ngude véi hé sé phu thuoc thoi gian 14 mot hé qua ctia Dinh
Iy 2.1.11 néu chiung ta xét f(t,u) = 0.

Khi A(t) = Ava f =0, Dinh Ii 2.1.11 dan dén két qua sau.

Hé qua 2.1.13. Cho A la todan ti tuyén tinh tu lién hop, xdc dinh duong

va khong bi chan trong H. Néu uy va us la hai nghiém cia bai todn

u+Au =0, 0<t<T,

(2.30)
[u(T) — ¢l < e
thoa man ||u;(0)|| < E,i = 1,2, thi ta ¢6 ddinh gid sau
lun(t) — wo(t)| < 2TEVVT, te (0,7 (231)

danh gia nay cé bac toi wu (rem [73, 74)]).

Trong cac phan trudc, ching to6i khong dua ra bat ky moéi quan hé nao
gitta toan tit A(¢) va ham f. Dé md rong 16p ham chita ham f thay vi (F1),

chung to6i gia si:
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(F4) V6i moi r > 0 va ug, ug la hai nghiém ctia bai toan (2.1) véi
(A(t)u;,u) <r?i=1,2,t€[0,T],
ton tai hang s6 K(r) > 0 sao cho f:[0,7] x H — H thoa man
() — ()l < K — ol
(F5) Ton tai hiang s6 Lo > 0 sao cho véi u 1a nghiém ctia (2.1), ta ¢
(At)u, f(t,u)) < Lo (A(t)u, u) .

Chung toi dat dudc cac két qua sau
Dinh ly 2.1.14. Gid st cdc diéu kiéen (A1),(A2), (F2)-(F5) la théa man
va ton tai hang s6 Ly > 0 sao cho

(A(0)u(0),u(0)) > Lslu(0)]|*.

Néu u1, ug la hai nghiém cia bai todn (2.1) vdi rang buoc ||u;(T) — || < e

Va
(A(0)u;(0),u;(0)) < E%,i=1,2 (2.32)
vd1 0 < e < Ey, thi vdi méi t € [0,T] ton tai ham bi chan C3(t) sao cho
lua () — ua(t)]| < Ca()e" OB,
Chatng minh. Tt (A(0)u;(0),1;(0)) < E2,i = 1,2, va
(A(0)u;(0), u;(0)) = Lalwi(0)|%,
ta co

E2
1< =%, i=1,2.

[ui(0)
Tuong tu nhu trong chiing minh ctia Dinh 1y 2.1.11, tit diéu kien (F2) va
(F3), ta co

2

E
i (8)* < e ||ui (0)* < 62L1TL—;7Z' =12 (2.33)
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Tu dieu kién (F2), suy ra u(t) = 0 trén [0, 7] 1a nghiém ciia phuong trinh
du

Lu= "+ Aty = f(tu(t), 0<t<T.
Stt dung diéu kien (A2), ta c6
d d
= —2 <A(t)uz - A(t)O, Uit — O>
—C1 <A(t)uz(t) — A(t)(), U; — 0> — CQHUZ' — OH2
=2 (A(t)ui, wir) — 1 (A(t)ui, ui) — colluil)®
=2 (A()us, —A()u; + [, w))
— c1 (A(t)ui, ui) — calluil)®
= 2| A(t)uwil|* — 2 (A(t)wi, f(t,w))
— < ( )UZ‘, UZ> — CQHU@HQ. (234)
Tu dicu kien (F5), (2.33) va (2.34) dan dén
d
— o (AQui, i) > 2| At)uill® = (1 + La) (A(t)us, wi) — eof|wil*.
Vi
L 2
(ex-+ L) (Al ) < 2 A+ T 2
< 2[| A(t)usl* + (er + La)?||us?,
néen
d
— i VAW ) > = ((a+ L) o+ )
E2
= — ((01 + Ly)* + 02) €2L1TL—;- (2.35)
Do do6
2 2L Tbjl2
(A(t)ui, u) < (A )uZ(O) w(0)) + ((01 + Lo)? + 02>T6 o
3
I+ - 01 + Ly)* + cQ)Te%T) E2. (2.36)

Dat B(t)z = z; + A(t)z. Tu diéu kien (F4) va (2.36), ton tai hiang s6

1 1/2
K =K ((1 +—((a+ Ly)? + ) T62L1T> E>

3
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sao cho

IB@)z]| = [lz + A(t) 2l = 1f (&, uz) = f(t, )

Dat 2z = u; — up. Tuong ty nhu chiing minh bat dang thic (2.19) trong
Dinh Iy 2.1.2 v6i K dugc thay béi Ky, ta duge

1z(@)]| < [|2(0)]|* =@ z(T) ||

X exp ((%KfT loo|T + 2K1) exesv(t)(1 — u(t))) (2:38)

Mat khac
20} = [us (0) = s (O)]) < ffus O)]] + [fua (0} < . (2.39)
VL3
Tu (2.38), (2.39) va ||2(T)|| < 2e, ching ta dat duge két qua cta dinh 1y.
Dinh 1y dugc ching minh. ]

Dinh 1y 2.1.15. Cho todn ti A va ham a(t) théa man cic diéu kién nhu
trong Dinh Iy 2.1.7. Gid st rang f théa man cac dieu kien (F2)—-(F5) va
uy, ug la hai nghiém cia bai todn u; + a(t)Au = f(t,u(t)),0 <t < T sao
cho ||ui(T) — ¢|| < e,i=1,2. Khi do, cic danh gid sau day la ding.

i) Néu

oo

SN (wi(0), ¢)* < B i = 1,2 (2.40)

n=1

— 1 .
v B> e va > o1 thi ton tai ham by chan Cy(t) trén [0,T] sao cho

_\ -8 1—v(t)
. E
s (t) — us(8)|| < Co(t)e" OBV (m ;) + % L (241)
t
d
trong do v(t) = f%a(ﬁ) S
0 a(§)d§
i) Néu
> e (u;(0), ¢n)? < B2 i = 1,2 (2.42)
n=1

vdi E > ¢ vay > 0, thi ton tai ham bi chin Cs(t) trén [0,T)] sao cho

lur(8) = ua(t)]| < Cs(t)e B, (2.43)
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_ 2t ha©)ds
v+ Jy a(€)de

1
Ching minh. i) V6i 5 > 2 ta co

trong do vy (t)

(a(0) Au(0),ui(0)) = a(0) > (Aui(0), ¢n) (ui(0), bn)
=a(0) Y A\ (ui(0), 6,)°

< a7 SN (1i(0), 6,)°

n=1

< al)\gl_Qﬁ)E?.
Tuong tu nhu chiing minh bat dang thiic (2.36) ctia Dinh Iy 2.1.14, ta c6

(a(t) Aui, ui) < {a(0)Aui(0), ui(0))

N VE (o4 L) + ) T
3

1 98 —
< <1 + L_ ((Cl + L2)2 + CQ) TGLlT) CL1>\§1 26)E?.
3

+

Dat z(t) = ui(t) —us(t) va B(t)z = z:+a(t)Az. Tuong ti nhu trong ching
minh Dinh 1y 2.1.14, ton tai hing sd

_ 1 1/2 P
Ki=K ((1 + - ((C1+ L)’ + ) T6L1T> a2 A2 5>E1>
3

sao cho ||B(t)z|| < Ki||z||. Ap dung Dinh 1y 2.1.14 véi K, duge thay béi
K, taco

=) <l=(T) 17O 12(0) =

X exp ((%F?T + 2?1) cxesv(t)(1 — u(t))) | (2.44)

Tuong t1it nhu trong chitng minh bat dang thitc (2.26) trong Dinh 1y 2.1.7,
ton tai cac hing sd cip, ¢11 sao cho
—\ 28
1 E1 =2 =
In — E F1e. 2.45
2T ay " € > 1+ e e ( )

12(0)]I* < exo (
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Tit (2.44), (2.45) va

ii) Ton tai hang s6 C,, sao cho

2(T)|| < 2¢, ta dat duge két quéa phan i) ctia dinh ly.

a(0) (Au;(0), u;(0)) = a(0) Y _ (Aui(0), du) (ui(0), én)

< Chan Z e (14;(0), ¢)® < Cray B2,

Tuong tit nhu chiing minh bat dang thic (2.36) trong Dinh 1y 2.1.14, ta
dat dugc

(Auj, ui) < <Auz'(0) u;(0))

L C El ((01 -+ L2)2 + 02) TGLlT
3

1
< (1 ++ ((Cy + L2)* + c2) T6L1T> C, E3.

3

Dt z(¢t) := ui(t) — ua(t) vd B(t)z := 2z + a(t)Az. Ton tai hang s6

N 1 1/2
Kl =K <(1 + L_ ((Cl + L2)2 + 02) T€L1T> C$/2E1>
3

sao cho ||B(t)z|| < Ki||z||. Ap dung Dinh ly 2.1.14 v6i K; dugc thay thé
béi [?1, ta co

=0 < DO exp ((SRIT + 20 ) cxsv 01 - 1) )
(2.46)

Tuong ti nhu ching minh bat dang thitc (2.28) trong Dinh ly 2.1.7, ton

tai hang sb ¢ sao cho

2 Jg a(€)ds 2

12(0)[1% < 1l ™0 "% i o (2.47)

Tu (2.46), (2.47) va ||2(T)| < 2e, ching ta dat duge két qua phan ii) cta
dinh ly.
Dinh 1y dugc ching minh. ]
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Nhan xét 2.1.16. 1) Néu a(t) = 1, thi tit Dinh 1y 2.1.15 ta dat dugc cac
két qué sau day.
i) Néu diéu kien (2.40) dugc théa méan, thi véi ¢ € [0,T], ta co

1-t/T

=
=
|
g
[N~}
=
[/\
Ql
=
<
N~
=]
|
Ny
~
Ju—
| =
N——
g
+
o

£

Day la danh gia c¢6 bac t6i wu trong truong hop tuyén tinh (xem [73, 74]).
ii) Néu dieu kien (2.42) dugc théa man, thi véi ¢ € [0, 77, ta co
fus(t) = wa(B)]] < Cr()e T B
Day ciing 1a danh gia c¢6 bac tdi uu trong trudng hgp tuyén tinh (xem [31]).
2) Néu a;(t) < 0 va a(0) < 1 thi

_ ot foal®de oyt
v+ Jy al®de v+ T

Vl(t) t e [O,T)

3) Trong [79], Dang Dic Trong va céc cong su chi xét bai toan (2.1) véi
hé s6 hang. Hon nita, cac tac gid nay dat dieu kien manh lén nghiem. Tuy
nhién, ho chi dat dugc danh gia dang logarithm tai ¢t = 0. Chtng toi xét
bai toan tong quéat hon véi hé sé phu thuoc thoi gian va diéu kien yéu hon

nhung két qua tot hon.

2.2 Cac vi du

Trong muc nay, chung toi trinh bay mot s6 vi du dé minh hoa cho cac
gid thiét ma ching toi dat ra trong muc 2.1. Cac vi du nay ciing chi ra
rang cac dinh 1y vé danh gia on dinh trong muc 2.1 1a ting dung dugc cho
mot so6 bai toan vat 1y quan trong nhu bai toan trong mo hinh sinh 1y than
kinh ctia hé théng té bao than kinh, bai toan trong phan tng nhiét, bai
toan dan so, bai toan Ginzburg-Landau, bai toan trong dong hoc enzyme.

Cho Q2 1a mién bi chan trong R". Gia st rang a(x,t) 1a ham kha vi liéen
tuc theo bién ¢ trén [0, 7] sao cho a(x,t) > a9 > 0,z € Q,¢t € [0,T]. Dat
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H = L*(Q). Xét bai toan
Uy — V(a(llf,t)V’U,) - f(t,U),.’]j € Qat S (OaT)a
u =0 trén 092 x (0,7, (2.48)
[u(T) —ell <&
trong d6 V? = A véi A 1a toan tit Laplace.
Dau tién, ching ta thay rang A(t)u = —V(a(z,t)Vu) va
(A(t)u,u) = / a(r,t)|Vul*dz.
Q

Gia st rang u; va ug 1a hai nghiém ctia (2.48). Dat z = u; — us, ta co

d

% (A(t)z, z) = 2/ V(a(z,t)Vz)zdr — /Qa,t(x t)|Vz|*dw

at(x,t)

= —2(A(t)z, z) — / a(z.1)
> —2(A(t)z,zt) — ay(t / a(x,t)|Vz|2de.

a(x,t)|Vz|'dz

T do6 suy ra
_% (A(t)z,2) > —2(A(t)z, ) — as(t) (A(t)z, 2)
at(z,t)

a(x,t)’

trong do a1(t) = sup,cq Vi vay, A(t) thoa man cac diéu kién (A1)

va (A2).

Tiép theo, ching toi trinh bay mot s6 vi du vé ham f thoéa man cac
diéu kien (F1)—(F5) va cac tng dung vé danh gia on dinh.

1) Chiing ta xét bai toan (2.48) trong mo hinh sinh ly than kinh ciia
he thong té bao than kinh ([38, 47, 67]):

ftu) = fu) = u(b—cllul’),p > 1,

v6i hing s6 thuce b va c. Ta c6

fw) = f(v) = b(u—v) = c(|ull"u — |lv]"v)
= b(u —v) - g (Jal” + fo[[”) (w = v)

= 5 (lull” = [oll") (u +v).
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RO rang riang f khong théa man diéu kieén Lipschitz toan cuc. Mit khac,

v6i p > 1, ton tai hiang sb ¢, sao cho
[l = ellP| < ep(llull + ol)P~ el = loll].

Do d6, néu ||ul] va [|v]| < r, thi

1f(w) = F) | < Jolllu = vl + g (full” + {[o[[") lu = v]
]

+ Sepull + o=l = ol Il + o
M
< Pollfu = vl + lelr?llu = oll + Shep(llul + ol lu — vl

< (161 + lel (1 + 27 ) u = o]

Vi vay, f thda man diéu kien (F1) v6i K (r) = [b|+|c|(1+2P " ¢,)rP. Khi do,
néu u; va us 1a hai nghiém cia (2.48) w(L || < E, i=1,2,te0,T],
thi tit Dinh 1y 2.1.2, ton tai ham bi chin C(t) sao cho

lus(t) — ws(t)l| < CO)V B, t € [0,T).

Chung ta ciing thay réang, néu ¢ > 0, thi f théa man (F1)—(F3). That vay,
diéu kien (F1) vita duge chiing minh, diéu kien (F2) 1a ro rang. Hon nita,
tu

1
lullPu = ollPv = 5 (lull” + [Jv]l”) (w = v) + 3 (lull” = [[ol|?) (u +v),

N | —

ta co

(f(u) = f(v),u—v) =bllu—v|* = g (ful” + lP) [lu = v]*

= 5 (lll” = [ol”) (lul* = [o]®).

(lul” = oIy (lull® = f[ol*) = 0

[\Ol e

(f(u) = f(v),u—v) < [Blflu—v]*.

Ta suy ra diéu kien (F3) duge théa man.



45

Do do6, trong trudng hop ¢ > 0, néu uy va uy 1a hai nghiem clia (2.48)
va ||u;(-,0)|| < B, i = 1,2, thi tit Dinh Iy 2.1.11, ton tai ham bi chan C' ()
sao cho

lur () = us(8)|| < CrL(t)e"WEY, 1 € [0,T).

2) Xét bai toan (2.48) trong dong hoc enzyme ([62]):

—u
t pu— pr—
fltu) = f(u) 1+ bu + cu?
v6i b, c > 0,b% < 4e. Ta c6
—u —0
flu) = Jlv) = T4+ bu—+cu? 1+ bv+cv?
(14 cuv)(u —v)
— : 2.49
(14 bu + cu?)(1 + bv + cv?) (249)
Mat khac,
1
(14 bu + cu?)(1 + bv + cv?)
1
- 2 i )\ 2
(1—— (\/_u—|—2\[) > <1—@—|—<\/Ev+m) )

1

< —
b2
(1-5)"

Vib >0 vab? <d4eneén cluv| <1+ Auvl* va 1+ bu + cu® > 0. Do do,

11 + cuv| < 1 + cluv|
(14+bu+ cu?)(1+bv+cv?) = (14 bu+ cu?)(1+ bv+ cv?)
2 + 2|uvl?
S (14 bu+ cu?) (1 + bo + cv?)
2 c?luwvl?

<
S (14 bu+ cu?)(1 + bu + cv?) i (14 bu + cu?)(1 + bv + cv?)

b*\
<2(1——
(%)
N c?luwvl?

(Hae— w2+ (1+9)") (Lc— )2 + (1+9)°)
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Suy ra

11+ cuv] <2<1_b_2>_2+ cuv)?
(14 bu + cu?)(1 + bv + cv?) 16 (4c — b?)?uv?

1S (w) = f)l < K (b, c)|lu— .

Suy ra f thoa man cac dicu kien (F1)—(F3). Hon nita, néu wuy, us 1a hai
nghiém cia (2.48) v6i rang buoc ||u;(-,0)]] < E, i = 1,2 thi tit Dinh 1y
2.1.11, ton tai ham bi chin Cy(t) sao cho

[ur () — usg(t)]| < Co(t)e"WEM ¢ € [0, T].

Trong céc vi du sau, ching t6i xét bai toan (2.48) trong khong gian
mot chiéu véi Q = (0, 1).

3) Xét bai toan trong phan tng nhiét ([62]):
ft,u) = f(u) = =[uf'u, p>1.
F2)—(F5).

F2) la r6 rang. Hon nua, ta c6

Khi d6 f thoa man
That vay, dieu kien

flur) = f(uz) = —
Do do,

~—~

(lur [P + |ual?) (ur — us)

N | —

1
— §(U1 + UQ)(|U1|p — ‘UQ‘p).

(f(u1) = f(u2),ur — ug) = —%/0 (Jur|? + |ua|?) (w1 — us)*da

1 1
5 [ ) - w) (- jup)ds
0
1

1
3 [ (= fuef) (ual? = )i < .
0

Suy ra f théa man dieu kién (F3).

1 (ur) = flua)lf?
1

1

4/0 {(Jua]? + Juzl?) (ur — uz) + (ur +us) (Jur [P — uo|?) } da
1 /! P 1 [
< 5/0 (‘U1|p+ |U2‘p) (U1 —UQ)2d33+§/

0

<_

2
(1 + u2)?(Jua]? — |u2\p) dz.
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V6i p > 1, ton tai hang s6 ¢, sao cho

[ = Jual”| < eyl + ol [Jer] = fus] |
Do do,
) 1 [ p P)2 2
1f (wr) = flu)lI” < 5 i (Jur [P + |ua|P) " (ur — ug)*dx

1 ! _ 2
456 [+l (] + fual 20 (]~ oo
0
1

1
2 2
< / (Jur[? + |ua|?) " (ur — ug)?dx + CZ/ (Jur] + Ju2])? (Jur| — |us]) dx.
0 0

Ta co

(2, 1) = (/0 um(x,t)dx>2 < </01 |um(x,t)|dx> < /Olu?x(:c,t)dx

1 1 1 1
= / alz, t)ulde < — [ a(z, t)ul de
o a(z,t) ao Jo

1 /! 1
= —— [ (a(z,t)uy)suide = — (A(t)u;, w;) -
ap Jo ao

,
Do do6, néu (A(t)u;, u;) < 72, thi |ui(z,t)| < —, i =1,2. Suy ra
(At)ui, wi) |ui(z, 1) Ve

2\P p1 2\ P 1
Hf(ul)—f(u2)“2<4<r—> /O(Ul—uz)deJrCZ <4L> /0 |U1—U2|2d:c

agp ao
2 r\ "’ 2
= (4 + 47 — — )
(4 +47c;) <a0> |ur — ual|

Vi vay f théa man dieu kién (F4).
Hon nita,

(A(t)u, f(t,u)) :/0 ulul?(a(x, t)u,)de = —/0 a(z, t)u, (ulul’) dz.

Ta ¢6 (ulul|?), = (p + 1)|ulPu,. Do do6

2

—a(z, ), (uluP), = —(p + Da(z, t)|ul’u? < 0.

Dicu nay dan dén f thoa man dicu kien (F5). Vay f théa man cac dicu
kien (F2)—(F5). Mit khac,

(A(0)u;(0), u;(0)) :/0 a(z,0)u2 (z,0)dr < a1/0 u? (z,0)dx

= ay||ui(-, 0] < a1 B2,
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va
9

|u(-,0)||* = /Olu(x,0)2da: = /01 (/Ox us(s,())ds) dx
< /01 </01 |u8(s,0)|ds>2da: < /01 (1, 0) [2dla

< i/ a(x,0)|u,(z,0)2dr = 1 (a(x,0)uz(z,0))u(x,0)d
0

ap Jo

Vi vay, véi bai toan nay, néu u; va us 1a hai nghiém cta (2.48) théa man
uia(-, 0)|| < B, i=1,2

véi 0 < € < Ey, thi 4p dung Dinh 1y 2.1.14 v6i ¢p = 0, Ly = 1/ay, ton tai
ham bi chan C3(t) sao cho

[ur (t) — us ()| < C3(t)e"WE ™D ¢ € [0, 7).
4) Xét bai toan Ginzburg-Landau ([39]) :
Ft,u) = b(t)u — d(t)u?, (2.50)

trong do6 |b(t)| < M,0 < d(t) < M v6i moi t € [0,T] va a(x,t) 1a ham khé
vi theo bién t trén [0, 7] sao cho a; > a(x,t) > ag > 0,z € [0,1],¢ € [0, T].

Chting ta sé chiing minh f théa man cac dieu kien (F2)-(F5). Diéu kién
(F2) 1a r6 rang. Vi

ft,uy) — f(t,ug) = b(t)(ug — ug) — d(t)(u? + uug + ud)(uy — us)
va ud + ujug + u3 = (ug + 1/2u9)? + 3/4u} > 0, nén
(f(t,un) = f(t uz), ur — ug)
_ / D) (n — un) 2z — /O (0 (0 + wrty + ) (s — )P

0
1
< M/ (uy — up)2dz < MJuy — .
0
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Suy ra f théa man dicu kién (F3). Mat khéc,
1f(t,ur) — f(tu)|* < / b6(t)|*(uy — us)*dx
+2/|ﬂm%ﬁ+uWrm@%m—ugmx
0

1
< 2MPJuy — us)® + 5M2/ (uF 4 ud)?(uy — up)*dw
0

Tuong tu nhu Vi du 3 ta c6 (A(t)u;, u;) < 72, va jui(x, t)] < L, i=1,2.
vV ao
Do do
9 9 107
1f(t ) = £t )P < 2M7 (14— ) us — o[
0

Diéu nay ching t6 f thoa man (F4).
Hon niia,

1
(A(b)u, F(t,0)) = — / (a(, D)), (b(t)u — d(t)?) da
0
1
= / a(z,t) (b(t)u? — 3d(t)uiu?®) dx
0
1
<b(t) [ ol tyulds < MA@, 0).
0
Suy ra f théa man diéu kién (F5). Vi vay, f thoa man cac diéu kien (F2)-
(F5). Hon nita, tuong tu nhu Vi du 3, ta c¢6
(A(0)u;(0), wi(0)) < arBY,

va
1
lu(-, 0)[* < ” (A(0)u(0), u(0)) .
Vi vay, 4p dung Dinh 1y 2.1.14 v6i ¢o = 0, L3 = 1/ag ta thay rdng, néu u,

va ug la hai nghiém cta (2.48) v6i f xac dinh bdi (2.50) va
Hum( ] )” Er,i=1,2
v6i 0 < & < Fy, thi ton tai ham bi chan Cy4(t) sao cho
ua(t) — ua(t)] < Cul)e B ¢ € [0, 7).

5) Tuong ty, chiing ta thay rang bai toan trong phat trién dan so ([62])
voi f(t,u) = ou(u —60)(1 —u)(0 < § < 1) cing théa man (F2)-(F5).
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2.3 Panh gia on dinh cho phuong trinh parabolic nita
tuyén tinh ngudc thdsi gian véi hé s6 khéng phu
thudc thoi gian

Trong phan 2.1, chiing toi da dua ra cac danh gia 6n dinh cho phuong
trinh parabolic nita tuyén tinh ngudc thoi gian v6i hé s6 phu thuoc thoi
gian va nguon Lipschitz dia phuong. Tu cac két qud nay ching ta suy
ra dudc cac danh gia on dinh cho phuong trinh parabolic nita tuyén tinh
nguoc thoi gian véi he s6 khong phu thuoc thoi gian va nguon Lipschitz
toan cuc. Tuy nhién, trong Dinh 1y 2.1.2 va Dinh 1y 2.1.7 dé dua ra danh
gia on dinh thi ching toi can t6i didu kién bi chin ctia nghiém trén toan
mién [0, T]. Trong cac Dinh 1§ 2.1.11, Dinh Iy 2.1.14 v& Dinh 1§ 2.1.15 dé ¢6
danh gia on dinh chi vé6i diéu kién bi chiin ctia nghiém tai ¢t = 0 thi ching
toi can diéu kien ham f thoa man (F2), tic 1a f(¢,0) = 0. Do d6, muc dich
ctia phan nay 1a dua ra danh gia on dinh cho phuong trinh parabolic nta
tuyén tinh ngugc thoi gian véi hé s6 khong phu thuoc thoi gian va nguon

théa man diéu kién Lipschitz
1t wi) = f(Ewa)|| < Klwr —wsll,  wi,wy € H, (2.51)

v6i hang s6 thuc khong am k doc lap v6i ¢, w; va we, chi v6i diéu kien bi
chan cta nghiém tai t = 0.

Cho A la toan ti tuyén tinh khong bi chin, xac dinh duong, tu lién
hop v6i mién xac dinh D(A) C H. Xét phuong trinh parabolic nita tuyén

tinh ngugc thoi gian
u+Au = f(t,bu), 0<t<T,
' ft,w) (2.52)
[u(T) — ¢ <€

trong d6 ¢ 1a dit kién cudi ctia bai toan duge xac dinh qua do dac véi mric
nhiéu ¢ va nghiem u € C*((0,7), H) N C([0,T], H).

Bay gis, ching toi trinh bay cac két qua danh gia on dinh.
Dinh 1y 2.3.1. Gid st rang uy va us la cac nghiém cia bai todan (2.52) va
ham f théa man dieu kien (2.51). Néu u;(0) € D(A), i =1,2 va

lui(0)]| < E, i=1,2, (2.53)
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vdi E > e, thi vdi moi t € [0,T] ta co
tHT —t)

lua (8) — ua(t)|] < 26T BT exp K% + ikQ(T + t)) ] . (2.54)

Chiing minh. Dat z(t) := uy(t) — us(t), v Bz 1= 2z + Az. Ta ¢6
[Bz[| = [[zt + Az[| = [[f (£, u1) = (£, u2)[| < Ellur — uall = Kl[2]]. (2.55)
Néu ||z(0)|| = 0 thi ||2(¢)]] = 0 v6i moi ¢ € [0, T]. That vay, dat
ht) =[], t €[0,T].
Ta co
he(t) =2(z,2z) = 2(z,—Az + Bz)

= —2(Az,2)+2(Bz,2) <2(Bz,z)
< 2|| Bz||||]] < 2k|=]|* = 2kh(t).

Diéu nay kéo theo e 2*'h(t) < h(0) v6i moit € [0, T] hay [|z(¢)|| < €¥]|z(0)]]
moi ¢t € [0,7]. Vi|2(0)|| =0, nén ||z(t)|| = 0 v6i moi ¢ € [0,T]. Do d6, néu
12(0)|] = 0 thi bat dang thitc (2.54) dang. Néu ||z(0)|| > 0, thi theo tinh
duy nhat nguge [24, Dinh 1y 1.1, trang 779], ||2(¢)]| > 0 moi ¢ € [0, T].

Ap dung B6 dé 2.1.6, trong truong hop A(t) = A, khi déc=¢; = ¢, =0

vacs; =1, ta co

d(—Azz) 1,
t)=——7——+-k">0.
P =g T Tk 20
Hon ntwa
<—AZ,Z> /t 1 2
—————" ==X+ [ p(s)ds — =k, 2.56
EE o PP (290
6 day
| {A5(0).2(0))

[2(0)]|?
Dt h(t) = ||2(t)|2, t € [0,T]. Ta c6

hi(t) =2(z,2z) =2(—Az,2) + 2(Bz,2) .

Do do

Iy (—Az, z) (Bz, z)
Mg 42 .
h 2] 2]

(2.57)
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Tit (2.55), (2.56) v (2.57), ta 6
Iy t
n < =2\ + 2/ p(s)ds + 2k.
0

Lay tich phan hai vé bat dang thiic nay tit 0 téi ¢, ta dudc

I h(t) — In h(0) < 20k — )t + 2 /Ot </0Tp(3)ds> ar.

h(t) < h(0) exp (2(k 42 /O t ( /O ' p(s)ds) d7> |

Diéu nay kéo theo

=0 < @) exp (- 2t + [ t ([ pterds) ar).

[T < =)' 7

Do do,

Do do,

X exp <(/<; _ /\)%(T _4)+ (1 - %) /Ot </()Tp(s)ds> dT> o (258)

Mit khac, tir (2.55), (2.56) va (2.57), ta c6
ht t 2
ﬁZ—Q/\—%Q p(s)ds — 2k — k“t.
0
Lay tich phan hai vé bat dang thic nay tit ¢ t6i T, ta dudc

Inh(T) —In h(t) > —2(k+\)(T —t) —%kQ(TQ—t2)+2/T (/Tp(s)d8> dr,
hay

h(t) < h(T) eXp{Q(k +M(T —t) + %k2(T2 — %)

- z/tT (/OTp(s)ds> dT}.

20 < (D) exp{ (b + (T 1) + KT~ )

[ ([ )

Diéu nay kéo theo
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Do do,

1 5t
T — _2_T2_2
7T =)+ k= t%)

_ %/tT (/()Tp(s)d8> dr}. (2.59)

=) < =D F|=0)7F exp { k(T — 1) + K272 — )

+(1—%>/</ (ds)dT——/ </ p(s)d )dT}. (2.60)

? N t
Stt dung Bo de 2.1.4 v6i v(t) = T ta dat duogc

(oot (o)
:/Ot </O p(s)ds) dT—f/O (/O p(s)ds> dr < 0. (2.61)

Tu (2.60) va (2.61) suy ra rang véi moi t € [0, 77, ta co

[ < 1) exp{ (k + A

T (2.58) va (2.59) suy ra

HT —t)

=0l < [ Pexp | (204 120 +0) T 20

Tt (2.62) va ||2(0)|| < 2E, ||2(T)]| < 2¢ ta dat duge khang dinh ctia dinh
Iy.

Dinh 1y dugc ching minh. []
Nhan xét 2.3.2. Véi cdc phuong trinh tuyén tinh (f = 0), ching ta c6
thé chon k = 0, va tit dinh 1y nay ching ta dat dugc danh gia on dinh

g (t) — ug(t)]| < 2eYTEUT Wi e [0,T]. (2.63)
Day la danh gia on dinh c6 bac tdi wu (xem [73, 74]).

Dinh 1y 2.3.1 khong dua ra bat ky thong tin gi vé sy phu thuoc lién tuc
gifta cidc nghiém clia bai toan (2.52) tai t = 0 vao dit kién tai thoi diém
cudi, vi dieu kien (2.53) 14 qua yéu. Dé thiét lap su phu thuoc nay, ta phai
ap dat cac diéu kien manh hon nhu dinh 1y sau day.
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Dinh 1y 2.3.3. Gid st ring c6 mot co sd truc chuan {¢;}is1 trong H
la cac vécto riéng tuong ing vdi cic gid tri rieng {\;}is1 cia A sao cho
0< A <X <...vad lim A\ = +oo. Cho f:1[0,T] x H— H théa man

1—+00
dieu kién Lipschitz (2.51), uy va ug la cac nghiém clia bai todn (2.52) vdi

u;(0) € D(A), i=1,2. Khi dé,

i) Néu
D A (wi(0),60)° < EFi=1,2, >0 (2.64)
n=1

vdi By > € thi vdi moi t € [0,T), ton tai ham b chan C(t) sao cho

8 1-t)T
|mﬂw—ustcukmfﬂ“T<Qn5Q ¥ gﬁ (265)

£
3 e (ui(0), 6n)? < E3i=1,2, 7> 0 (2.66)
vdi By > € thi vdi moi t € [0,T), ton tai ham bi chan Ci(t) sao cho

1-2tt

s (t) — un(t)]| < Gy () B 7T, (2.67)

Ching minh. i) Ta c6

Z( )¢n>_/€8t)>\n<f<5uz( ), ¢n) d )cb-

n=1

~+

Dat z(t) = uy(t) — u2(t) va Bz = 2z + Az. Khi d6

zmz(””<<wm /ﬁ”W%%MJ%

Thay ¢ = 0 ta dugc

— Z (eT’\" (z(T), o) — /eSA" (Bz, ¢p) ds) On.

n=1

Do do

((0).60) = €™ (:(1).0,) = [ e (B0, ds
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E
Dat ny = min {n eEN:\, > %hl—l}. Khi do6 véi ||z(T)|| < 2¢ ta c6
£

1201 = (2(0), ¢u)” = i (2(0), ¢u)* + > (2(0), 6n)’
-y (JM (=(T), 6n) — / e (Bz, ) ds)
— A 2

& n=ny
1 1 T
B\ T 2 2Tn1 25A0 (B 2d
<2_ n S y ¥n
<2 D0 G o 2 3 [ (B0 ds
= n_O

T s
El El T 1 E1 —28
0

T s
<sely 44 =m QBE2+21<:2T/ BN 1) Pds. (2.68)
— 11 — — Z\S S. .
= o5 2T € L €
0

t

Ap dung B6 dé 2.1.8 véi v(t) = T ton tai hang s6 ¢ sao cho
T s
2 BT 2 1 2 |~
2k°T — ) |lz(9)|I7ds < 5“2(0)“ + cEe. (2.69)
£
0

Tu (2.68) va (2.69), ton tai hing s6 ¢; sao cho

2
E\ 7 c
22 (22 i 2.
12(0)[|* < e B} ((n . + E (2.70)
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Tit (2.70) va bat dang thic ||2(T)| < 2¢, ap dung Dinh 1y 2.3.1 ta dat
dugce khang dinh trong phan i) ctia dinh 1y.
ii) Dat

1 by
- 1 EN:)\TL> 1 - .
no mm{n _7+Tn€}

Tuong tu nhu trong chiing minh phan i), ta ¢6

’ngl nng

(0)]* < 2 Z e (2(T), ¢n)* + 2T Z / 22 (Bz, ¢n)ds

+§j;;¢4mw02

n=nsy

23

gz(?) 2(T)|) + 20T i( 7 heods

< ) ’Y+T Z 627)\71 ’ ¢n>2

n=ns

T
2y 2L E
< 1265+ EJ*T + 2k°T / (—2

€

) I2(s)|2ds. 2.71)

Ap dung B6 dé 2.1.9 véi a(t) = 1, ta két luan riing ton tai hing s6 ¢ sao
cho

T
2k*T /( ) )H?ds<—y| (0)||? + By Terir. (2.72)
0

Tir (2.71) va (2.72), ta c6
2T o, R
12(0)|* < By e+ (24 + 26,) . (2.73)

Tt (2.73) va bat dang thic ||2(T)|| < 2e, 4p dung Dinh 1y 2.3.1 ta dat
dugce khang dinh trong phan ii) ctia dinh ly.
Dinh ly dugc chiing minh. [l

Nhan xét 2.3.4. D6i v6i bai toan tuyén tinh, ching ta c6 thé chon k = 0,
va tu dinh ly trén chung ta dat dugce cac danh gia 6n dinh sau
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i) Néu diéu kien (2.64) duge thda man véi Ey > e, thi

1-t/T

_ﬂ =
lur (t) — us ()| < C(H)E} T ((m %) + \/;1> , te0,7T].

Danh gia nay 1a danh gia ¢6 bac toi uu (xem [73, 74]).
ii) Néu dieu kien (2.66) dugc thoa man véi Fy > e thi

_ okt

lus(t) — up(t)]| < CL(B)eTT By ™, Wt € [0,T).

Day ciing la danh gid 6n dinh c6 bac t6i wu (xem [31]).

2.4 Chinh héa phuong trinh parabolic nita tuyén tinh
ngudc thoi gian bang phuong phap Tikhonov cé
hiéu chinh

Trong phan nay, ngoai cac gia thiét (A1) va (A2), ching toi gia st rang
(A(t)+1))~! 1a kha vi lien tuc manh. Hon nita, —A(¢) sinh ra duy nhét he
tién hoa U(t,s),0 < s <t < T 1a mot ho céc toan ti tuyén tinh bi chan
tit H vao chinh né véi 0 < s <t < T, lien tuc theo hai bién va théa man

cac diéu kién [46, trang 52]:
(1) U(t,5)U(5,r) = U(t,r), Us, ) = I

(H2) % — _AWU(, s)u
(H3) W — Ut s)A(s)u.

Dinh nghia 2.4.1. Mot ham w : [0,7] — H dugc goi la nghiém cla
phuong trinh

{ut + At = f(tu(t), 0<t<T, (2.74)

u(0) = ug

néu u 13 lien tuc véi moi ¢t € [0, 7] vA théa man phuong trinh tich phan

u(t) = U(t, 0)up + /0 Ut $) (5. u)ds. (2.75)
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Néu anh xa f 1a nita lién tuc'(demi-continuous), bién cac tap bi chan
thanh cac tap bi chin va théa man diéu kien (F3) thi sy ton tai nghiem
ctia phuong trinh (2.74) da dugce ching minh trong [46, Dinh 1y 4]. Sy phu
thuoc lien tuc va duy nhat nghiem duge suy ra tit (F3). Hon nita, tu (H2),
néu v théa man (2.75) thi w € C1((0,T), H).

Ching ta sé chinh héa bai toan

u+ At)u = f(t,u), 0<t<T,

(2.76)
[u(T) — ¢l <€
bang phuong phap Tikhonov c¢6 hiéu chinh.
Dat v(t) 1a nghiém ctia bai toan
v+ A(t)v = f(t,v), 0<t<T, v(0)=ge D(A(1)). (2.77)

Vi anh xa f 1a nia lién tuc, bién cac tap bi chan thanh cac tap bi chin va
théa man diéu kien (F3) nén bai toan (2.77) 1a dit chinh. Dé nhan manh sy
phu thuoc ctia nghiem v vao dit kién ban dau g, ching ta viét v(¢, g) thay vi
v(t). Néu chiing ta c6 thé tim thay g € D(A(t)) sao cho ||v(T, g) — ¢ < &,
thi bai toan (2.76) dugc gidi quyét. Néu dieu kién [|u(0)]] < E duge thoa
méan, anh xa f 13 nia lién tuc, bién cac tap bi chin thanh cac tap bi chin
va théa man (F1) - (F3), ta xét cyc tiéu phiém ham Tikhonov

Ja(g) = l0(T. 9) — #|* + allgl (2.78)

véi g € D(A(¢)) va o 1a tham s6 hiéu chinh. Tuy nhién, nhu trong nhiéu
bai toan phi tuyén dat khong chinh khéc, ta khong biét duge cuc tiéu cia
bai toan ndy c6 ton tai hay khong. Do d6, ching t6i da hiéu chinh bing

cach chon nghiém gan ding clia cuc tiéu phiém ham. That vay, dit

I= inf J.(g), 2.79
ek (9) (2.79)

va v6i 7 > 0 ¢6 dinh chon g € D(A(t)) sao cho

Jo(§) < I+ 7% (2.80)

!Cho X va Y la céc khong gian Banach va f 1& mot anh xa don tri tit X vao Y. Anh xa f dudc goi

1a nia-lien tuc néu u,, € D(f) va u, — u € D(f) suy ra f(u,) — f(u) ([71]).
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Bai toan (2.80) ludn c6 nghiém. That vay, chon day (g,) trong D(A(t))
sao cho J(g,) < I +% v6i moi n € N*. Chon g = ¢, v6i ng > - ta co
J(g) < I+ 7€2. Chiing to6i sé chiing minh ring, néu chon « thich hop thi
nghiem v(¢,g) 14 gan v6i nghiem u ctia (2.76) va ching toi sé dua ra danh
gia sai s6 dang Holder.

Hon nita, néu dieu kien (A(0)u(0),u(0)) < E? théa man, anh xa f la
ntta lién tuc, bién cac tap bi chan thanh cac tap bi chan va théa man dicu
kien (F2) - (F5), ta xét phiém ham Tikhonov

Ts(g9) = [o(T,9) — ol + B (A(0)g.9), B> 0, (2.81)
trong d6 S 1a tham s6 hiéu chinh. Dat

L= inf Js(g). 2.82
L= ol Js(o) (2.52)

V6i 7 > 0 ¢ dinh, chon g € D(A(t)) sao cho
Js(9) < I + €%, (2.83)
thi bai toan (2.83) luon c6 nghiém.

Dinh 1y 2.4.2. Gid st rang dnh za f la nia lién tuc, bién cdc tap bi chdn
thanh cac tap bi chan va théa man cic dieu kien (F1)-(F3). Néu bai todn
(2.76) c6 nghiem la u(t) vdi u(0) € D(A(t)) thoa man

[u(O)] < E,

2
va v(t,g) la nghiém cia bai todn (2.77) vdi g =G, thi vdi a = (%) ton
tai hang s6 C sao cho
Ju(t) —o(t,7)|| < Ce"WE1 te0,T).

Chitng manh. Tt Dinh 1y 2.1.11, ton tai hing s6 C' > 0 sao cho véit € [0, T]
ta co

lut) = o(t, 9| < Clla(T) = o(T,9) " Ju(0) — v(0,7)|' V. (2.84)
T v(0,9) =g va (2.80) suy ra

[0(T,9) — ¢l* < [o(T,9) = ¢l + af|lv(0,9)|I* < T +7¢°

< Nu(T) — ¢||* + allu(0)||* + 7e* < e + aE* + 72
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2
Chon a = (%) , ta co [|[o(T,9) — ¢|| < V24 Te. Suy ra
lu(T) = o(T. ) < u(T) = ol + (T, 5) = ll < (14 V2F7) e
(2.85)
Mat khac

[0(T,9) — o> + allg]* < I + 7€
lu(T) — g0||2 + a|lu(0 )H2 + 7?2 < 2 + aF? + 12

NN

2
Do d6, chon a = (%) , ta co ||g|| < V24 TE. Suy ra

u(0) = (0,9 = u(0) = gl < [w(O)]| + l[g] < (1+ V2F7) E. (2:86)
Tu (2.84)—(2.86), ton tai hiang s6 C' > 0 sao cho
lu(t) — v(t,g)|| < Ce"WED vt e0,T].
Dinh 1y dugc chiing minh. H
Dinh 1y 2.4.3. Gid st rang dnh za f la nia lién tuc, bién cdc tap bi chdn
thanh cdc tap bi chin, théa man diéu kién (F2)-(F5) va
(A(0)u(0),u(0)) > Ls]lu(0)]*

vdi u(t) la nghiém cia phuong trinh uy + A(t)u = f(t,u), 0 <t < T. Néu
bai todn (2.76) cé nghiém la u(t) vdi u(0) € D(A(t)) théa man

(A(0)u(0),u(0)) < EY

2
—~ . ? N e 7 Zy * -~ N Zy * 6 X
va v(t,qg) la nghiém cia bai todn (2.77) vdi g =g, thi vdi f = <—) ton
1
tai hang s6 Cy sao cho

lu(t) —v(t,§)]| < Cre"WE™ ) teo,T).

Ching minh. Tu (2.82) ta co

(A(0)7.9) < !

 (Io(T.3) - ol + 8 (AW0)7.3) < 3 (1 +7<%)
PlI* + B (A0)u(0), u(0)) + 7€7)

<

N >—‘Tb|

(u(T) -
%(Mf + (17 + 1)e%). (2.87)
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2
Chon = < > ta c6 (A(0)g,9) < (7 +2)E2.
Tu (A(0)g,9) < (T + 2)E1 va (A(0)u(0),u(0)) < EZ, ta dugc
Lo

5 1
(O < £ (AO)u(0),u(0) < - (2.88)

2
va Hﬁ“Q <7 - (A(O)g g) < (7‘ + 2)E1 Mat khac, vi § = (Ei> nén
1

|u(T) = o(T, DII* < (|u(T) — @l + [[o(T,9) — ¢l])?

[u(T) — ol + 2/|o(T, ) — ¢l

e2 + 21, + 27¢?

(7 + 1)e” + 2[|u(T) — o|* + 258 (A(0)u(0), u(0))
(1 +3)e”. (2.89)

AN/ AN/ ANE/AN/AN
NN N N

Tit cac bat dang thite (A(0)g,9) < (7 +2)E? |, (A(0)u(0),u(0)) < E? va
(2.88), (2.89), stt dung Dinh li 2.1.14, ta dugc

lu(t) = v(t, G| < Cie"@ B, te0,T].

Dinh 1y dugc ching minh. ]

2.5 Két luan Chuong 2

Trong Chuong 2, chiing toi thu dugdc cac két qua sau:
- Dua ra cac danh gia 6n dinh nghiém cho phuong trinh parabolic ntta
tuyén tinh ngude thoi gian véi hé sd phu thudc thoi gian véi cac diéu kien
khac nhau ctia ham nguon va céc rang buoc khac nhau ctia nghiem (Dinh
Iy 2.1.2, Dinh 1y 2.1.7, Dinh 1y 2.1.11, Dinh 1y 2.1.14 va Dinh 1y 2.1.15).
Dua ra cac vi du dé minh hoa cho 16p ham théa man céc gia thiét clia todn
tt A(t) vA ham nguon Lipschitz dia phuong f.
- Dua ra cac danh gia 6n dinh nghiém cho phuong trinh parabolic ntta
tuyén tinh ngugc thoi gian véi he s6 khong phu thuoc thoi gian (Dinh
If 2.3.1 va Dinh 1i 2.3.3).
- Chinh hoéa phuong trinh parabolic nita tuyén tinh ngudce thoi gian véi hée
s6 phu thuoc thoi gian bang phuong phap Tikhonov ¢6 hi¢u chinh (Dinh
Iy 2.4.2 va Dinh 1y 2.4.3).
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CHUONG 3

DANH GIA ON PINH CHO PHUGNG TRINH BURGERS
NGUGQC THOI GIAN

Trong chuong nay, chiing toi dua ra cdc danh gia 6n dinh dang Hélder
cho phuong trinh Biirgers ngudc thoi gian. Cac két qua nay la tong quat
hoa va cai tién cac két qua ctia Carasso trong [14] va Ponomarev trong
[64]. Cu thé, chiing toi dua ra va chitng minh cac két qua danh gia én dinh
cho phuong trinh tong quéat hon duéi cac diéu kieén yéu hon so véi cac dieu
kien duge dat ra bdi cac tac gia ké trén. Cac két qua trong chuong nay da
ducc cong bd trong bai bao:

Hao D. N., Duc N. V. and Thang N. V. (2015), Stability estimates for
Burgers-type equations backward in time, J. Inverse and Ili-Posed Prob-
lems 23, 41-49.

Cho T > 0. Dat

D={(x,t): 0<zx<1l, 0<t<T}

va D la bao déng ctia D.

Trong chuong nay, dé don gian ki hiéu, ta viét || - || thay cho || - ||12(0.1)-

3.1 Danh gia 6n dinh cho phuong trinh Biirgers ngudc
thoi gian véi hé s6 phu thudc thsi gian

Trong muc nay, ching t6i dua ra danh gia on dinh cho phuong trinh
Biirgers v6i hé s6 phu thuoc thoi gian sau

u = (a(x, t)u,), —d(z, t)uu, + f(z,t), (2,t) € D, (3.1)

u(0,t) = go(t), u(l,t)=aq:1(t), 0<t<T, (3.2)
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trong d6 a(x,t), d(x,t), go(t), g1(t), f(x,t) 1a cac ham tron,
a(x,t) >a>0,(x,t) € D
va cac ham ay(x,t), d(x,t), d,(z,t) bi chan trén D.

Dinh 1y 3.1.1. Gid st ui(x,t) va ug(w,t) la hai nghiém co dién ciia bai
todn (3.1),(3.2) théa man

max {Jus(, D), [uss (2, )]} < B, i = 1,2. (3.3)
(z,t)eD
Dat )
o e at(x,t) + 2(dE)
e D)
V4
)=t ndum=0. p)="Lndum0. (34
wlt) = 7 neum =0, p(t) = —Zp— neum # 0. :

Néu ||ui (-, T) — ua(-, T)|| < 8, thi ton tai ham bi chan kyi(t) sao cho
ui (-, 1) — us(-, )| < k()" OEHO vt e [0, T7. (3.5)
Chiing minh. Dat z = u; — ug. Tt (3.1) ta co

2zt = (azy)y — dugzy — dugyz

= (azy), — dusz, — dui,2.

Do do
— (az)e — d(u + w2 — sd(ur, + )z, (2,8) €D
Zt = A% )z 9 U U9 )2y 9 Uty U2z )2, (T, ) (36)
2(0,t) =2(1,t) =0, 0<t<T
Dat
1
P, t) = 5 (un(,0) + (i, ).
Ta co
2 = (azy)y — dpzy — dpyz, (x,t) € D,
= (az;), —dp P2, (7,1) (3.7)

2(0,t) =2(1,t) =0, 0 <t < T.
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Gid st [|z(+,t)]] > 0 v6i moi t € [0,T]. Dat

d, — dp,)2%d
nt) = Dol L )
Jo #2dx
Tu dieu kién (3.3) ta co
max {|pl, [p.|} < E. (3-8)
(z,6)eD

Do do

pdy — dp.| < E(|d| + |ds|) < En, V(z,t) € D.
Tit bat dang thitc nay suy ra |h(t )| Fy v6i moi t € [0, 7.
Datv(xt)—za:texp( ft ).Tacé

1
{Ut = (avy)y — dpv, — dp,v — §h(t)v, (x,t) € D, (3.9

v(0,t) =v(1,t) =0, tel0,T].

Dat F(t) = |lv(-,)|]* = fo vidz, t € [0,T]. Ta c6

1 1
Ff(t) - 2/ vopdx = 2/ v ((avx)z — dpv, — dp,v — %h(t)v) dx
0 0

1 1 1 1
= 2/ v(av,)dx — 2/ pdvv,dr — 2/ dp,vidr — / h(t)v?dx
0 1 1 0 0 1 0
= —2/ avide + / (pd, — dp,)v*dx — / h(t)vda. (3.10)
0 0 0

Mit khac,

1 1 d. —d 2d 1 T
/ h(t)vide = Jo (p = Pa)"du / 2 exp (/ h(s)ds) dx
0 o #2dx 0 t

_ /Ol(pdx ~dp,)texp (/tT h(s)ds) di

1
:/ (pd, — dp,)vdz. (3.11)
0

Tir (3.10) va (3.11) ta c6 F () = —2 [ av?dz. Do d6

F(t) -2 fol avidz

FlO)  lede (312)
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1
bat o = —dpv, — dp,v — §h(t)v, ta co

1/ [t ‘d (F
— / vidr | — ﬂ
2\ Jo dt \ F(t)
1 1 1
= _ </ atvidx—l-Q/ avxvxtdm’)/ vidr
0 0 0
1 1
+2 / avidx / vurde
0 0
1 1 1 1
:2/ (avx)xvtdx/ Ude—/ atvidx/ vidx
0 0 0 0
1 1
—2/ (avx)xvda:/ v ((avy)y + @) dx
1O ! 1 1 1
:2/ (avy), ((avy)e + @) d:t:/ UQdLU—/ atvidx/ vidr
0 0 0 0
1 1 1
—2/ (avy) vdx (/ (avx)xvdx+/ wdx>
0
1 2
:2/ (avx)+2g0 dx/vdx——/ dx/
0
1
—/ atv2dac/ 2d.7:—2</ ((avx) + g0> vdx)
0 0 0 2
2

+% (/01 govd:l:) . (3.13)

Theo bat dang thiic Cauchy-Schwarz, ta c6

2

/ de/ (avy)s +f daz — (/01 ((avx)x—i—g) vdx) >0, (3.14)

Tu (3.13) va (3.14), dan dén
AL 500
> — (/01 avidx + % /01 gdex) /011)20355. (3.15)
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Hon niia,

T (3.15) va (3.16) suy ra

d (F)\ _ =2 (a; + 2(Ed)?) v2da
Z (W) S o

2(Ed)?
Z 1 d - 2E2
o v¥dx
—2m fol av2dz

[y v2da

2F,.

Tu (3.12) va (3.17) ta két luan rang

d (F_@) AU

dat \ F(t) F(t)
Néu m = 0 thi
d (F'(t)
— | =2 | > —2E,.
dt (F(t)) ?

Vi vay, In F(t) + E5t? 13 ham 16i theo bién ¢. Do do, ta c6

(3.16)

(3.17)

(3.18)

(3.19)

In F(t) + Eaot* < (1 — %) In F(0) + % (In F(T) + E5T?), t € [0, T,

hay

Sl

F(t) < F(O)'"T7F(T)7 exp (Est(T —t)), t € [0, T].

Tu day suy ra

o0 < o O o D exp (5ET 1)) t e 0.7),



67

1
Vi v = zexp (5 ftT h(s)ds) va |h(t)| < By v6i moi t € [0, 7] nén ta co

[+ < Ol T exp (BT = 1)+ 3 Bat(T 1))

(3.20)
mt
Néu m #£ 0 thi u(t) = c T t €[0,7]. Do dé
em —
1 mT
t=—In(1+p(@) (" 1)),
Suy ra
1 mT 5
F(t) = F<Eln (1 + () (emT — 1))) = F(p), Yt €[0,T].
Ta co
d -
/ —F
F(t) e du (1)
N A (3.21)
F(t) e —1 F(u)
Tit dang thic (3.21) dan dén
d -
i F/(t) B me™t Zi @F(M)
dt \ F(t) ) \e"—=1) du| F(p)
d =~
2 ,mt d_F(/“L)
] H (3.22)
et =1 F(p)
Tt (3.21) va (3.22), ta dat dugc
d -
d(EM) _ m—F/(t) (e T @F(u) (3.23)
dt \ F(t) F(t) et —1) du | F(p) | '
Tit (3.18) va (3.23), ta c6
d F(up) 2
KT M mt -2 mT 1 2[m|T
i dl{ = —2E2 (m ¢ ) = —2E2 (6 ) ‘
d,u F(,u) 6mT _ m2
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(emT _ 1)2 62|m|T

Dit Fy = Fs . . Tt (3.24) ta thay In F'(p) + Eyp® 13 ham 161
m

dé6i véi p. Do do, ta c6
InF(u)+ Ey? <(1—p)InFO)+p(InF(T)+ Ey), t€10,7),
hay

(0)' O F(T) exp (Eap(t)(1 — p(t)))
(0)1 O (T exp(Ey), t € [0,T].

Diéu nay dan dén
1
IWhﬂH<HMu®W”@W&JWW@@m(§EQ.

Vi v(x,t) = z(x,t) exp ( ft S) va [h(t)| < By voi moi t € [0,T], ta

2

CO
1 t
O < OO D esp (SEi+ BT = D)) vee 0,7
(3.25)

Hon ntta, vi ||2(-,T)| < 6 va ||z(+,0)|| < 2F nén ton tai ham bi chan ki (¢)

sao cho
ug (-, t) — ua(-, )| 2 < k1 (£)*DEY#® v e [0, T7. (3.26)

Bay gio, ta xét truong hop khi ||z(-, )| ¢6 theé triet tieu. Néu ||z(-,0)|| = 0,
thi||z(-,t)| = 0 v6imoit € [0, T]. That vay, dat h(t) = ||z(-,t)|%, t € [0, T).

Ta co
1 1 1
he(t) = 2/ zzpdx = —2/ azidx +/ (pd, — dp,) 2*dx
0 0 0
1 1
g/ E (|d| + |d]) 2 < El/ e = Eyh(t).
0 0
Diéu nay kéo theo e E1'h(t) < h(0), t € [0,T] hay
G, 01" < e™]|=(-, 0)|1%, vt € [0,T].

Vi||2(-,0)|| = 0 nén ||z(-,t)|| = 0 véi moi t € [0,T]. Do d6, néu ||z(-,0)]| =0
thi bat dang thic (3.5) ding. Néu ||z(-,0)]| > 0, thi ||z(-,t)|| > 0, t € [0, T).
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That vay, gid sit ngugce lai, goi #g 1a diém bé nhat ma ||z(-, )| = 0. Do d6
|2(-,t)]| > 0 v6i 0 <t < s <ty St dung danh gia én dinh (3.26) véi T
ducc thay thé bdi s < ty va cho s 1ty ta dat dude mau thuan.

Dinh 1y dugc ching minh. []

Nhan xét 3.1.2.
. t
i) Néeu m < 0, thi u(t) > T t € (0,7).

ii) Trong [64], Ponomarev da xét bai toan

ur = a(t)ugy + b(z, v, + c(x, t)u, + d(x, t)u + f(x,t), (z,t) € D,
w(0,8) =0, wu(l,t)=0, 0<t<T,

v6i a(t) > 0. Dé c6 két qua danh gia on dinh, Ponomarev can diéu kién

sup_{ iz, D), [ (@, )], i, D), [z (2, )],
(x,t)eD

i, )] Jusan (2, 1)} < N, i = 1,2 (3.27)

Chiing t6i xét bai toan tong quat hon ctia Ponomarev, hon nita diéu kién

(3.3) ctia ching to6i yéu hon nhiéu so véi diéu kién (3.27) ctia Ponomarev.

3.2 Danh gia on dinh cho phuong trinh Biirgers ngudc
thoi gian véi hé s6 khong phu thudc thdi gian
Trong muc nay, ching toi dua ra danh gia on dinh cho phuong trinh

Biirgers ngugc thoi gian véi hé s6 khong phu thuoc thoi gian. Két qua nay

la tong quéat héa va cai tién két qua ctia Carasso trong [14].

Dinh 1y 3.2.1. Gid st uy(x,t) va uy(z,t) la cdc nghiém co dién ciia bai

toan

Up = Vg, — auu, + f(x,t), (x,t) € D, (3.28)
w(0,6) = olt), w(l,) =gu(t), 0<t<T, (3:29)

ddiy v >0, a €R, va gy, g1, f la cdec ham tron. Néu uy, us théa man

(z,t)eD
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va [|ui(-, T) — uz(-, T)|| < 6, thi ton tai ham bi chin ks(t) sao cho
lur (-, t) — us (-, t)|| < ko(t)0TE"T, ¢ €0, 7T). (3.31)

Chtng minh Dinh ly 3.2.1

Ta can két qua bd trg sau.
Bo dé 3.2.2. ([14]) Gid st u(w,t) la mot nghiém ciia phuong trinh

Ut = Vg — b(x, t)uy, — d(z, t)u, (x,t) € D,
{MWFMUFQtEMH (3.32)

d day b(z,t) va d(z,t) la cic ham tron. Dat B(z,t) = | b(s,t)ds va

C—x

2z, 1) = ula, t) exp (#) .

Khi do z(x,t) théa man

2 = UZgy — (b 2B 4 — 7?”) z, (x,t) €D,
2(0,t) = 2(1,t) =0, te]0,T].

(3.33)

Bay gig, ta chiing minh Dinh ly 3.2.1.
uy(z, t) + ug(x, t)

Dat z = ui—us. Tacd 2y = vzg,—apz,—ap,z voi p(x, t) =
va z(0,t) = z(1,t) = 0,t € [0,T].
Dit P(z,t) = a [ p(s,t)ds va

2
z(+,t)]] > 0 véi moi t € [0,T].

o(@ ) = 2(x, 1) exp <—P(2”“"V’ t)> |

Ta ¢6 |[v(t)]| > 0, t € [0,T]. T Bo dé 3.2.2, ta khang dinh ring v(x,t) 1a

nghiém cua bai toan

2,2 2P .
fwww—@p+t+”)u<mm0,

4v 2
v(0,t) =v(l,t) =0, 0<t < T.

(3.34)

a2p2 + 2P ap,
+
4y

bat Q = . Vi (m)ax {Ipl, |pz|, |pt|} < E nén

|Q‘ E37 (.I',t) EE
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va
U = Vg — Qu,  (x,t) € D,
v(0,t) =v(1,t) =0, 0 <t < T.
2d
Dit h(t) = by Qvida L 0<t<T. Taco max |h(t)| < Bs. Dit
f ’U2d$ t€[0,T)
t
w(zx,t) =v(x,t)exp (/ h(s)ds) :
0
Ta co
Wy = YWy — Qw + h(t)w, (3.36)
va

w(0,t) =w(l,t) =0, 0 <t < T.
Dat F(t) = ||lw(-,t)||* = fo widx, t € [0,T]. Ta c6
/ 1 1
F(t) = 2/ wwidr = 2/ WYy — Qw + h(t)w)dx
- - 1
= —QV/ widx — 2/ Qudx + 2h(t)/ widx. (3.37)
0 0 0

Mat khac,
1 L a2 1 t 1
d
h(t)/ wrde = W/ v? exp (2/ h(s)ds) dx:/ Qudx.
0 Jo v¥dx Jo 0 0
(3.38)
Tit (3.37) va (3.38) dén dén
1
F(t) = —2v / wdz. (3.39)
0
Do do6
F'(t wid
FO_ fO - (3.40)




F
fol widx
1w2dx
/ 2dx/ wxthdx—i—2/ 2d:zc/ wwdx
2d:r:/ wmwtd:r:—Z/ wwmdx/ wwdx
! 1 ’ 1
— / 2dar:/ Wy Vwm—l—cp)dx—Q/ wwmdx/ w(vwy, + p)de
0 0
— / 2d:z:/ Wez(VWer + p)dx
1
—2/ Wy dT (/ wamda:Jr/ gowdx)
0 0 0
1 ) 1 1 2 1 1 ) 1 0
:2/wdac/ (\/;wxx—k—)dx—— wdx/ dx
0 0 2\/#0 2v Jy 0 7

2

—2 (/01 (ﬁwm + ﬁ@) wd:c)2 + % (/01 gmuda;) . (3.41)

Theo bat déng thitc Cauchy-Schwarz,

[ f (s o (] (s ) )

(3.42)

Do do tur (3.41) va (3.42) ta dugc

1/, \d [F@® 1 ! !
— de) —|(=2<]>-—— [ w4 2da. 4
w ([n) 5 (50) 23 [ [ oan aan
Mat khac,
= (Q — h(t))* w? < 4E2 (3.44)

T (3.43) va (3.44) suy ra

< (W) > _4E2. (3.45)
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Tt (3.45) ta thay rang In F(t) + 2E3t* 1a ham 16i ddi véi t. Do d6, ta c6
2,2 t ¢ 22
In F(t) + 2832 < (1= 2 ) W F(0) + 7 (n F(T) + 2B3T%) , ¥t € [0, 7],
Diéu nay kéo theo
F(t) < F(0)'" T F(T)T exp (2E2(T — 1))
hay
lo( O < (- O Tl TIT exp (E5t(T — t)) . (3.46)

Vi w(z,t) = v(x,t)exp <f(f h(s)ds) va |[h(t)] < B3 v6i moi t € [0, T] nén

GBI < oG 0)F 7 lo(, TIT exp (2E5t + E5H(T — 1)) . (3.47)

P 2 N
Tw v(x,t) = z(x,t)exp | —— ) v& max |P| < |a|F ta khang dinh ring
2v (z.t)eD

_t t a|lF
=00 < O T exp (125 4 28+ B3~ ).
(3.48)
Mat khac, ta co
12(D)] = lua(T) — ua(T)|| < 6, (3.49)
va
120)] = [lu1(0) — u2(0) || < lus (O)]| + [lu=(0)] < 2E. (3.50)
Tu (3.48), (3.49) va (3.50) suy ra ton tai ham bi chin ks () sao cho
g (-, 8) — us (-, 8)|| 12 < ka(£)STN'"T, Vet € [0, 7). (3.51)

Trudong hop ton tai ¢y € [0,7] sao cho ||z(+,t9)|| = 0 dugc xit 1y tuong tu
nhu trong chiing minh Dinh 1y 3.1.1.
Dinh 1y dugc ching minh. O
Nhan xét 3.2.3. Trong [14], Carasso chi xét bai toan (3.28) trong trudng
hop o = 1. Hon nita, dé c6 danh gia on dinh tuong tu (3.31), Carasso can
dieu kién

(g)aé){\ui\, \wie], |wite]s |wint| } < N, =1, 2. (3.52)
Chiing toi xét bai toan (3.28) cho s6 thyc a bat ky. Hon nita, dicéu kién
(3.30) ctia ching toi la yéu hon diéu kién (3.52) ctia Carasso.
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3.3 Két luan Chuong 3

Trong Chuong 3, chung t6i da thu dudce cac két qua sau:
- Dua ra danh gia on dinh dang Holder cho phuong trinh Biirgers ngugc
thoi gian v6i hé s6 phu thuoc thoi gian (Dinh 1y 3.1.1).
- Dua ra danh gia on dinh dang Holder cho phuong trinh Biirgers ngugc
thoi gian v6i hé s6 khong phu thuoc thoi gian (Dinh 1y 3.2.1).
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CHUONG 4

CHINH HOA PHUONG TRINH PARABOLIC BAC PHAN
THU NGUGQC THOI GIAN

Xét bai toan sau trong khong gian R"

d'u
— =Au, z € R" t € (0,7T)
dt (4.1)

u(z,T) = p(r), v € R,

trong d6 0 < v < 1, ¢ la dit kién cudi chinh x4c ctia bai toan nhung ta
khong duge biét ma chi biét dit kien nhiéu (qua do dac) ¢° v6i mitc sai s6

lo™(-) = Pl Loy <€ (4.2)
da biét.
Trong chuong nay, ching t6i sé chinh hoa bai toan (4.1)-(4.2) béi bai
toan

d"v”
= Av”, z € R"t € (0,7T)
dt” (4.3)

vW(x,T) = S,(¢°(x)), z € R",

trong d6 v > 0 va S, (¢°(x)) la tich chap cia ¢°(x) véi nhan Dirichlet.
Cac két qua trong chuong nay la tong quat hoa va cai tién cac két qua

ciia Liu J. vd cdc cong su trong [82, 88]. Cac két qua nay da duge viét

thanh bai bao:

Duc N. V., Muoi P. Q., Thang N. V., A molification method backward

time-fractional heat equation, Acta Math. Vietnam. (Da dugc nhan dang).

4.1 Tinh dat chinh cua bai toan chinh héa

Dinh nghia 4.1.1. ([88]) Ta goi u(x,t) 1a nghiém clia bai toan (4.1) néu
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(4.1) ding trong L*(R"™) v6i méi t € (0,7),
u € O(0,T): IAE™), u(- 1) € HAE", t € (0,7)

va

lim [u(-,t) — ol p2@n) = 0.

Tiép theo, ching ta sé ching minh bai toan (4.3) 1a dit chinh. Dau

tien, ching ta can két qua b trg sau.

Bo6 dé 4.1.2. Néu u(z,t) la nghiém ciia bai todn

I "

va u(-,0) € H(R"), u(-,T) € L*(R") tha ton tai hang s6 Cy sao cho

()] < Callu-, D)2 lful-, O) g0y, t € (0,7

Chitng minh. Dung phép bién doi Fourier cho hai vé cia phuong trinh (4.4)
theo bién z, ta cé

Nu(,t)

“on —[¢Pu(e, t).

Do d6, (xem [88])
() = Eya(=[¢7)a(e, 0).
T 0 < E,1(—|€]*") < 1, stt dung bat déng thiic Holder, ta c6

a1 < [ fate opds
= [ (v 1epyEpae o) ((0+ ) =Hac o) e

= (/n(l + € Tace, 0)\2d§>s+22 </R %C&) 5 |

o1 - 14+ 717
1
1+ €2 = 1+ |€]2T

, nén tit Bo dé 1.2.6 suy ra

. O
oo (047 [ gprt)
2 C_\"

e+ 77 (1 )

) /R ((1 + !§\2T€)F(1 - 7)>2 \@(é,O)Pdg}si?

v

(@t )" < flu-,0)

= [Ju(-,0)
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< [ (Eal-lePTlace o))’ deh
E%mn) <(1 +17)° (ﬁ)_ » a(€,T)|2d5>

s% 7\ 2 C - ul- 2 -
Hs(Rn) <(1+T) (F(l—’y)) H (7T)|> :

Do dé, bé dé dude ching minh. O
Dinh 1y 4.1.3. Vgi o° € L*(R"), bai toan (4.3) ¢6 duy nhat nghiém v” €
L*(R™) wa ton tai hang s6 C3 sao cho

(Ol < C3(1+ )¢, ¢ € [0, T].

S
542

< [Ju(-,0)

Chiing minh. T chiing minh ctia B6 dé 4.1.2, ta c6
P(Et) = By (—IEPOIP(E,0)

Diéu nay kéo theo

E’y71(_|£|2t’y)6\y(£7 T)
By (= |€[7T)

E, 1 (=€) S, (%) ()
B (—EPTY)

V(€ t) =

Do do

er B \5\%)7@(5)
m o/, MEEED R

Hon nita, véi t € (0,7, ta co

v (x,t) £ (4.5)

By (— P50

||vy('7t)||%{2(R") - /R"(1+ ’5’2>2 E%l(—|€|2T7) ‘ df
o 1 2
< <1+§2>2( B ——— ) 15,(9)(€) g
: )1+TV|£|2

_02( )V/nma EAESIGIE:

e )/M (14 (6217 ) P
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Do d6 tdn tai hing s6 C sao cho

~ T —
o) By < C()7 [ (1 oI P

~ Ty .
< ()M + P, te (0.7)

Vi vay v”(z,t) € H*(R"), t € (0,T]. Vi 0 < E,1(—[¢]*") <1 nén

~ 2
2 (1) v (-, T)|
o= [ PCores | (Emuam)) .

Diéu nay dan dén

|F'[S,
B |£|2Tv > %

< 2
-, <E1 |5|2T7) *
/.. (

2
S ) FORdg

B <

lv" (-

| A

2
= / <Tw<1 +T7)(1 A+ €] >> P ©Pde.  (4.6)
M,
T (4.6), ton tai hing s6 C5 > 0 sao cho

oGO <G (LRI P
< U+ PO te 0.1]. @7)
Tit (4.7), din dén
") < G+ ) ¢ € 0.7,

Suy ra v” € C([0,T], L*(R")) N C((0,T], H*(R")).
Dinh 1y dugc ching minh. []

4.2 Tbéc do hoi tu

Trong phan nay, ching to6i néu quy tic chon tham s6 tién nghiém, hau

nghiém va dua ra tdc do hoi tu ciia nghiem chinh héa vé nghiém chinh xAc.
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Dau tien ching ta xét quy tac chon tham sb tién nghiem. Dé dat dugc cac
két qua cho phan tién nghiém, ching t6i can mot sé bo dé sau.
K1 hiéu w(-, ) 1a nghiém cia bai toan

d”’ T
—w_—Aw,:UE]R”,tE(Oa ),
e (4.8)

w(z,T) = S,(p)(x), v €R"

Bo dé 4.2.1. Néu v” la nghiém cia bai todn (4.3) va w la nghiém ciia
(4.8), thi ton tai hing so Cy > 0 sao cho

107 (-, t) — w(-,t)|| < Ca(1 +12)e, Wt € [0,T].

Ching minh. Ta thay rang v”(-,t) — w(-,t) 1a nghiem cta bai toan (4.3)
véi dit kien cudi S, (¢°) duge thay thé bdi S,(¢° — ). Tu Dinh 1y 4.1.3,
ton tai hang s6 Cy4 sao cho

" 8) — wl Bl € 1+ ), (g — )
=it +02) ([ 15, (o - o) P

Diéu nay dan dén

Hﬂhw—wmwnsamﬁw%( |mew—¢mw92

B6 dé dude ching minh. O

Bo6 dé 4.2.2. Cho s > 0 va w(z,t) la nghiém cia bai todn (4.8). Néu
u(x,t) la nghiem cia bai todn (4.1) va ton tai hang s6 duong E > ¢ sao

cho

[u(-, 0)]

thi ton tai hang so Cs sao cho

R < E, (4.9)

lu(-,t) — w(-1)|| < Csv—E, Vit € [0, T).
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Chiing minh. Ta c6

= | | Bua(=lgPeyac, 0) = Bya(—JePe)a 0)|" de

< [ .0 = a(.0) e

g FISu ()

- [, [20 - 5 e |

— 3(-.0) — ﬂ(-,T) : (- 012

‘/M BT S, O

- / 0)2dg = / T R ACOR @)

Tu (4.10), ton tai hang s6 Cj sao cho

|u(-,t) —w(-,t)|| < Csv™E, ¥Vt € [0,T].
B6 dé duge ching minh. O
Bay gio, ching toi sé trinh bay danh gid vé toc do hoi tu ciia nghiém
chinh héa t6i nghiem chinh xéc theo ca chuan |||, va chuan || - | £ (men) -
Dinh 1y 4.2.3. Néu u(x,t) la nghiém cia bai todn (4.11) théa man (4.9)
va V¥ la nghiém cia bai todn (4.8) thi vdi v = (E>+2, E > ¢ ton tai

£
hing s6 C1 > 0 sao cho

[0/ (-, t) — u(- )|y < CresEsz, 0<1<s, t€[0,T).  (4.11)
Ching minh. Ching minh sé dugc chia ra hai truong hop.

a) [ =0: St dung Bo dé 4.2.1 va Bo dé 4.2.2, ta cb

[07 (1) = (- O < flul ) —wl- )l + [Jo7( 1) — w(, 1]
< Cy(141vHe+ Csv*E

E\ 72 . . .
Vé6i v = (—) va F > ¢ ton tai hang so C'; sao cho
€

[0/ (-, t) = u(-,t)|| < Cres2 B+, Vit € [0,T).
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b) I>0:Taco
lw( 1) = o (-, )l en
= [ iePate b - de 0P

= [arier (PpE )

/\ 2
i o [ Bra(01E2)& ~ @l
_/MV(1+|€|) ( B, (=T7|€]2) ) *

— 2
2\l p° — &
5%@“+M)<Eﬂkfw%)df

< 02 [ e+ e e - ot

—_ 2 —
(F(102’7)) (1+T7)2/M(1+|€|2)l+2‘¢5_@‘2d£'

<

Tu bat ding thic trén ta suy ra ton tai hing s6 Cg sao cho
lw(-,t) = 0" (- )| Fpeey < Co(l + %) 2% (4.12)
Mat khac, ta co
(-, 8) = w(, )|y
(L+ €)' [a(g, 1) — @ (g, 1)

n

(14 g (e, 0) — d(&, 0)dg
FSy(u(, T))]

%\%\%\

2

= [ ey - 5o |
_ QZa . (gT) ?
—ﬁ;a+mw> €0~ 5 rep| @

+ [ L+ gD a0 d¢

e\‘
N

(1+ €)' (1 + [€%)* [, 0)[* dg
+ ) E (4.13)
T (4.12) va (4.13), dan dén

() = 0"t [Fnggny < Co(1 +07)F26% + (1+ %) E,

I
/:Q\
AN
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E 542 N . N Z
Chon v = (—) v6i € < E ton tai hang so C sao cho
€

(-, t) = w(-, )| mry < Cres2 B3, t € [0, 7).

Dinh ly dugc chiing minh. [l

Tiép theo, ching toi dé xuat quy tac chon tham s6 hau nghiem. Trudc
hét, ching toi can bd dé sau.
Bo dé 4.2.4. Dat p(v) = ||[v/(-,T) — ¢°(-)||. Néu 0 < ||¢°(-)|, tha

a) p la ham lién tuc,

b) lim p(v) = [l ()l

) T p(v) = 0.

V——+00

d) p la ham gidm.

Chitng minh. Tt Bo dé 1.2.12, ta ¢6

) = 0 T) = = 156 -7 = | @

a) C6 dinh 1 € (0, +00), ta c6
_ 2 _
lim 7 (v) }g/ﬁw 2de = / €)2de = ().

Vay p la ham lién tuc.

b) Vi lim @, = R" nén

v—07t
lim p?( hm / 0% (€)|2d¢ = / % (&)Pdé = |11
v—07+
Suy ra lim p(a) = [lp*()

) Vi fRn ‘90 (&)Pdg = [|¢°]|* < 400 nen

lim p*(v) = lim [ [@7(€)Pdé = 0.

V—+00 V——+00

Diéu nay kéo theo lim p(a) = 0.

V——+00
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d) Néu v; <y thi Q,, 2 Q,,. Ta ¢

| Bera= [ ek
Vay p la ham giam.
B6 dé duge ching minh. O

Dinh 1y 4.2.5. Gid st ring 0 < ¢ < ||¢°(")||. Chon 7 > 1 sao cho
0 < 7e < ||¢]]. Khi dé, ton tai mot s6 v. > 0 sao cho

[0, T) — ()| = 7e. (4.14)

Hon nita, néu u(x,t) la nghiém cia (4.1) théa man (4.9), thi ton tai hing
s6 Cy > 0 sao cho

10" (o) — ul, )| gy < Coe™ B2, 0<1<s, te€[0,T].  (4.15)
Chiing minh. Ching minh dugc chia ra hai truong hop.

a) l = 0: Tt Bo dé 4.2.4, ton tai mot s6 v > 0 thda man (4.14). Hon
ntta, ta co
< [0, T) —w(-, D + [0, T) = &l + [l — 7|

INIE

< ([ s - utIPds) (74 1)

_ (/ |§,z_a(.,T)]2d§>é + (7 +1)e

Ve

< u(-,T) = || + (7 + 1)e < (7 + 2)e. (4.16)
2

Tit bt ding thite (a+5)2 < (1+ (5)7) o+ (1 + (%) ) 1, ta c6
7%’ = 0" (-, T) = ¢°|* = A 5, (we) — @[Pde

b

PPde = /Q T — o+ o2t

€



2
(14 (2) e g

+ (1 o) [ 1EaeT e o

—1)?
< (1 + r 1 ) €
4 G |u(-, 0)] )2
+ (14 / : dg.
() L, (s e )
p L. a2 1 1+71777
Ap dung bat dang thtc < + ta co

T S T4 [€p
s ) | (B )
:(wi ) ()

X/ny”'f” 214 [e)laC o) Pde

o) (S e

Do d6, ton tai hang s6 C7 sao cho

1+ 12 <y (§> " (4.18)
g
Mat khac
Hu(,O) - w(70)|‘%15(1[£”)
= [ Ja,0) = @, 0)P(1+ €

:/ F[S((,T))]2
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(-, 0) — (14¢%)°de

_ / a1

. B (-[EPT)
+ [ At 0P ey

Ve

:/]mmW@%Wﬁgﬁ. (4.19)
Tit (4.16), (4.19), va Bo dé 4.1.2, ton tai hing s6 Cg sao cho
lu(-,t) = w(-,t)|| < Ce= B, (4.20)
Tit (4.20) va Bo dé 4.2.1, ta c6

[07 () = u(, Ol < flul ) — w O + [Jw(, ¢) — 0™ (-, 1)
< Cserr Bo + Cy(1 + 12)e. (4.21)

Tit (4.18) va (4.21), ton tai hing s6 Cy > 0 sao cho
|07 (-, t) — u(-,t)|| < Coem2 Bz, Wt € [0,T).
b) I > 0: Dat z(z,t) = u(x,t) — w(z,t), tir (4.16) va (4.19) ta co

12(-, 0)]

mH@®r) S F

va
[2(, T)|| < (7 +2)e.
Do do

IO = [ L+ IR ELE O
< [ lePia 0P
= [ (1P Ee 015 (+ 1P 5 B 0)

( 1+ [¢f?) (£,O)|2d§> < /R (L4 I 570”%)

s—1
< gl ( I
Rn

2 5+2
T+ [eP df)

2(s—

= ) de
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s—1

2(i42) 2 542
< B / d§
R’n

2(1+2) ((F(l — ’y))Q(l + TV)Q
Ct

2042 ((F(1 — 7))L+ T17)
= F 512 5
&

(1 +77)2(,0)
1+ T7[¢P2

s—1

/Rn |E, 1 (=T (€)%)Z(E, 0)}2 df) 5

s—1

56T d§>
2(s—1)

(1 — 1 T ;k7_2 2(142)  2(s—
o (MDA (122
1

Tt (4.12) va (4.22), ta ¢6
Hu(v t) - UVE('? t) H??l(R)

< Co(1 4+ 2)+2e? + (F(l — )

Rﬂ,

E s, (4.23)

2(s—1)
1+ TW) s+2 2(142)  2(s—1)
C1

Tit (4.18) va (4.23), ton tai hang s6 C; sao cho

I+

lu( £) = v (- )| ey < CaE2ew2, ¢ € [0,7).

Dinh 1y dugc ching minh. ]

4.3 Vidu sbd

Trong phan nay, ching t6i minh hoa s6 cho phuong phap chinh héa via
dé xuat & trén. Cac vi du s6 nay dude thuce hién trén may tinh LENOVO,
Microsoft Windows 10 Home véi phién ban MATLAB 2015a.

Dé c6 duge dit lieu chinh xac va nhiéu, trude tién ching toi giai quyét

bai toan thuan:

d'u 2

— =Au,z € R*,t € (0,7,

— (4.24)
u(z,0) = g(x),

v6i ¢ 1a ham cu thé.
Nghiém chinh hoéa ctia (4.24) 1a nghiém ctia bai toan chinh héa
d"v”
dt?
(2, T) = Sy(p(2)), = € R?,

=AvY,z eR%te(0,T),
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trong d6 v > 0 dat dudc bdi quy tac chon tham s6 tién nghiem va hau
nghiém trong Dinh 1i 4.2.3 va Dinh i 4.2.5 tuong tng.

Trong tat ca cac vi du, ching toi diat v = 0.8, 7 = 1 va gidi quyét bai
toan (4.24) trén mién Q = [—10, 10]* C R?, dugc chia thanh M (x;, y;) theo
lwéi z;,y; € {—10 : h: 10}. Khi d6, dit kién réi rac chinh xac U = u(-,T)
va dut kién nhiéu roi rac o = U noise. fige tao ra nhu sau
Uneise(y = (-, T) + 5L,
[P
trong d6 n = randn(size(U)) la ma tran ngau nhién ("randn" 1a ham trong
Matlab) v do 16n e cho biét miic do nhiéu duge them vao dit ligu.

Thuat toan 4.3.1 Gii thuat tinh xap xi tham s6 chinh héa theo quy quy tac chon hau
nghiém

Pau vao: Khditao: k=0,7 € (1,u> var=0:2:10°

&€

1: N = size(v,2)
2: fori=1,2,3,...,N do

@

v, = v(i);tgr = m(v;)

4. if tg; < 7e then

5: break
6: end if
7. end for

Pau ra: v. =y

Vé quy tac chon tham s6 hau nghiém, ching ta cht § rang phuong trinh
[0 (-, T) — ¢l = Te
la tuong duong v6i phuong trinh

m(ve) := [ (p) = ¢l = Te. (4.25)

Vi lim, 0+ m(v) = |||, lim, 1o m(v) = 0 va m(-) la don di¢u gidm, nén
phuong trinh c6 nghiem. Thuat toan 4.3.1 dua ra phuong phap xap xi
nghiém cua (4.25).

Trong cac vi du sau, ching t6i luén dat v; va 1 tuong ting véi quy
tac chon tham s6 tién nghiém va hau nghiem. Gia tri clia v dat duge béi
Thuat toan 4.3.1.
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2

Vi du 4.3.1. Xét truong hop g(z) = e 1% z = (x1,25). Day la ham
tron. Véi e = 5.107% hosic 5.107%, s = 1 va 7 = 1.3, ta ¢6

E = ||u(z,0)| gs) = 2.17.

V6i e = 5.107% ta ¢6 vy ~ 16.31, v, ~ 8 va nghiém chinh x4c u(x,0), dit
kién nhidu U"**¢ va nghiém phuc hoi u”(x,0)(i = 1,2) 13 minh hoa trong
Hinh 4.1. Trong d6, v”'(z,0) la xap xi cta u(z,0) v6i quy tac chon tham
s6 tién nghiem trong Dinh 1y 4.2.3 va u”?(z, 0) 1a xap xi ctia u(zx, 0) véi quy

tac chon tham s6 hau nghiém trong Dinh 1y 4.2.5.

U"@se noise=0.05%

u(x,0)

-10 -5 o 5 10 -10 -5 0 9 10

v:(x,0), v,=8

-10 -9 0 9 10

Hinh 4.1: Nghiém chinh xac u(z, 0), dit kién nhiéu U"**¢ va nghiém phuc hoi v**(z,0) véi

e = 5.10* ddi v6i hai quy tac chon tham s6 trong Vi du 4.3.1.

Hinh 4.2 minh hoa nghiém chinh x4c u(z, 0), U"*¢ va nghiém phuc hoi
clia u(x,0) v6i € = 5.1073. Trong trudng hop nay, ta c6 vy ~ 7.57, 15 ~ 4
v6i mitc nhiéu 16n hon, tat cd cac xap xi ctia u(z, 0) 1a it chinh xac hon so

v6i nhitng truong hop truée do, nhung van con chap nhan dugc.
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u(x,0) U"9se noise=0.5%

-10 -9 0 9 10 -10 -9 0 9 10

v*1(x,0), v, =1.57 v:(x,0), v,=4

-10 -9 0 9 10

Hinh 4.2: Nghiém chinh xac u(z, 0), dit kién nhiéu U"**¢ va nghiém phuc hoi v**(z,0) véi

e = 5.1073 ddi véi hai quy tac chon tham s6 trong Vi du 4.3.1.
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o ]
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~ % - C_(0.0051)
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10
w0'E
1072
0

Hinh 4.3: D6 thi ctia C (g, t), Ca(e,t), C3(e, t), Cy(e, t) véie € {0.01,0.001} vat =0:0.1:
1 trong Vi du 4.3.1.
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Bay gio chiing t6i sé minh hoa cho toc do hoi tu. Dé lam diéu do, ching

toi dinh nghia

VL) — (-t
Cl(g,t): HU (7S) 1;(7 )H’ (426)
g2 Bs+2
v” (1) —uls )| gra
Cyfe, 1) = 10D — e Dl (.27
g s+2 s+2
V) — ul-t
Cg(é,t) _ HU ( ) s) g( ) )H, (428)
cs+2 )52
v’ St) —ul-, )| gia
Cife,t) = 10Ot Dl (4.20
65—}-2 s+2

B&i Dinh 1y 4.2.3, Dinh 1y 4.2.5, v6i mbi ¢ > 0 Cy(e,t) (i = 1,2,3,4)
1a bi chan déu véi moi ¢ € [0, T]. Két qua nay duge minh hoa trong Hinh
4.3. V6i ca e = 0.0005 va € = 0.005 cac sai s6 1a tang khi ¢ gan 0 va tai
0. T hinh nay, ching ta c6 thé quan sat tinh bi chin clia cdc ham nay
tren t € [0,1]. Chiing ta tiép tuc quan sat rang cac hiang s6 C; va O trong
Dinh 1y 4.2.3, Dinh 1y 4.2.5 nho hon khi cac gia tri cia € dang nhan dugc
nhé hon.

Tiép theo, khac v6i Vi du 4.3.1, ta xét ham ¢g khong tron.

Vi du 4.3.2. Xét ham khong tron: g(z) = e l=l0l » = (2, 2,). Véi
e =5.10"* hosic 5.107%, s =1 va 7 = 1.3, ta ¢

E = ||u(x,0)]

Hinh 4.4 va Hinh 4.5 m6 ta nghiém chinh xac u(z,0) v6i hai mic do
nhidu ¢ = 5.107% va ¢ = 5.1073. Nghiém xap xi v6i quy tac chon tham s
tien nghiém va hau nghiém. Ching t6i c¢6 cung quan sat nhu trong Vi du
4.3.1, tic 1a tat ca cac nghiem gan dang déu chap nhan dudc, sai s6 tang
khi mic nhiéu tang. Diéu nay phit hop véi cac két qua Iy thuyét duce dua
ra trong Dinh 1y 4.2.3 va Dinh 1y 4.2.5.

Mot lan nita, Hinh 4.6 xac nhan cac quan sat clia ching t6i nhu trong
Vi du 4.3.1. Thtt tu clia cac toc do hoi tu c6 thé dat duge déi véi cac quy

tac chon tham s6 va cac gia tri clia C; tuong tu nhu trong vi du trudc.
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u(x,0) U"s® noise=0.05%

-10 -5 0 9 10 -10 -5 0 9 10

v*1(x,0), v, =14.85 v*a(x,0), v,=8

-10 -9 0 5 10

Hinh 4.4: Nghiém chinh xac u(x,0), dit kien nhidu U™¢ va nghiém phuc hoi v**(z,0)
with ¢ = 5.107* d6i véi hai quy tic chon tham sb trong Vi du 4.3.2.
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u(x,0) U"9%® nhoise=0.5%

-10 -9 0 9 10 -10 -9 0 9 10

v¥i(x,0), v, =6.89 v:(x,0), v,=4

-10 -9 0 9 10

Hinh 4.5: Nghiém chinh xac u(z, 0), dit kién nhiéu U"**¢ va nghiém phuc hoi v**(z,0) véi

e = 5.1073 ddi vdi hai quy tac lya chon tham s6 trong Vi du 4.3.2.
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Hinh 4.6: D6 thi ctia C (g, t), Ca(e,t), C3(e, t), Cu(e, t) voie € {0.01,0.001} vat =0:0.1:
1 trong Vi du 4.3.2.
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4.4 Két luan Chuong 4

Trong chuong 4, ching toi da dat dude cac két qua sau:
- Ap dung phuong phép nhuyén dé chinh héa bai toan (4.1)-(4.2), ching
minh bai toan chinh héa la dat chinh (Dinh 1y 4.1.3)
- Chi ra téc do hoi tu dang Holder ciia nghiém chinh héa vé nghiém chinh
xac, theo cid quy tac chon tham s6 tién nghiem (Dinh ly 4.2.3) va hau
nghiém (Dinh 1y 4.2.5).
- Dua ra vi du 6 minh hoa cho phan ly thuyét (Vi du 4.3.1, Vi du 4.3.2).



96

KET LUAN CHUNG VA KIEN NGHI

Két luan chung

Luan an nghién citu vé cac danh gia on dinh va chinh héa cho phuong
trinh parabolic bac nguyén va bac phan thi ngude thoi gian. Cac két qua
dat dugc trong luan an nay la:

1. Dua ra danh gia 6n dinh cho phuong trinh parabolic bac nguyén
nita tuyén tinh véi hé s6 hdng va nguon Lipschitz toan cuc (véi hdng s6
Lipschitz k > 0 tuy y). Day 1a két qua dau tién chi can doi héi tinh bi chan

cua nghiém tai t = 0.

2. Dua ra danh gia on dinh va chinh héa Tikhonov c¢é hiéu chinh cho
phuong trinh parabolic bac nguyén ntia tuyén tinh véi hé s6 phu thuoc
thoi gian va nguon Lipschitz dia phuong.

3. Tong quat hoa va céi tién cac két qua ctiia Carasso [14] va Ponomarev

[64] vé danh gia on dinh cho phuong trinh Biirgers.

4. Chinh hoéa tién nghiém va hau nghiém cho phuwong trinh parabolic
bac phan thit bing phuong phap lam nhuyén. Két qua nay la tong quét

hoa va cai tién cac két qué trong [82, 88].
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Kién nghi

Trong thaoi gian t6i, ching t6i mong mudn tiép tuc nghién ctu cac van
dé sau:

1. Nghién ctu vé danh giad on dinh ciing nhu cédc phuong phap chinh
héa cho phuong trinh parabolic bac nguyén phi tuyén trong khong gian

Banach.

2. Nghién citu vé danh gia on dinh ciing nhu cac phuong phap chinh
hoa cho phuong trinh parabolic bac phan thit tuyén tinh trong khong gian
Banach va bac phan thit phi tuyén trong khong gian Hilbert.

3. Nghién citu bai toan xac dinh nguon cho phuong trinh parabolic.
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