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MO DAU

1. Ly do chon dé tai

Phuong trinh parabolic bac nguyén va bac phan thi ngudc thoi gian
duge diing dé mo ta nhiéu hien tuong vat 1§ quan trong. Chang han, qua
trinh truyen nhiét, qua trinh dia vat 1y va dia chat, khoa hoc vat liéu, thiy
dong hoc, xit Iy anh, mo ta su van chuyén bdéi dong chat 16ng trong méi
truong x6p. Ngoai ra, 16p cac phuong trinh parabolic nita tuyén tinh dang
uy + A(t)u(t) = f(t,u(t)), cing duge ding dé mo ta mot sd hien tugng vat
Iy quan trong. Chang han: a) f(t,u) = u (b— c||ul[*),c > 0 trong mo hinh
sinh 1y than kinh ctia cac hé thong té bao than kinh 16n c6 tiém nang hanh
dong, b) f(t,u) = —ou/ (1 + au+ bu?), o,a,b> 0, trong dong hoc enzyme,
c) f(t,u) = —|ulPu,p > 1 hodc f(t,u) = —u? trong cac phan tng nhiét, d)
f(t,u) = au — bu® nhu phuong trinh Allen-Cahn mo ta qué trinh tich pha
trong hé théong hop kim da thanh phan hoac phuong trinh Ginzburg-Landau
trong siéu dan, hodc e) f(t,u) = ou(u — 0)(1 —u)(0 < 6 < 1) trong bai
toan dan s6. Bén canh d6, dang phuong trinh Biirgers ngucc thoi gian ciing
thuong xuyén dugc bat gap trong tng dung vé dong hoéa sb lieu, qua trinh
song phi tuyén, trong 1y thuyét vé am hoc phi tuyén hay 1y thuyét nd va
trong tng dung dicu khién t6i wu.

Cac bai toan da néu 6 trén thuong dat khong chinh theo nghia Hadamard.
D6i véi 16p cac bai toan ngugce dat khong chinh, khi dit kién cudi cia bai toan
thay doi nho c6 thé dan dén bai toan khong c6 nghiém hodc néu cé thi nghiem
nay lai cach xa nghiém chinh xac. Vi vay, viéc dua ra cac danh gia on dinh,
phuong phap chinh héa ciing nhu cac phuong phap s6 hitu hieu dé tim nghiém
gan dang cho bai toan dat khong chinh luon 1a van dé thoi sy. Véi cac 1y

do néu trén, ching to6i chon dé tai nghién citu cho luan an ctia minh 1a: "Veé
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ddnh gid on dinh va chinh héa cho phuong trinh parabolic bdc
nguyén va bac phan thw nguoc thoi gian”.

2. Muc dich nghién ciu

Muc dich clia ching t6i 1a thiét lap céc két qua méi vé danh gia on dinh
cing nhu chinh héa cho cac dang phuong trinh parabolic bac nguyén va bac

phan tht nguge thai gian.

3. Déi tugng nghién ciu

Déi véi phuong trinh parabolic bac nguyén, ching toi tap trung nghién
citu phuong trinh kiéu Biirgers ngudc thoi gian, phuong trinh parabolic nita
tuyén tinh ngugc thoi gian. Con doéi véi phuong trinh parabolic bac phan
thi, ching toi tap trung nghién ctu phuong trinh tuyén tinh.

4. Pham vi nghién citu

Chtng t6i nghién citu danh gia én dinh va chinh hoa cho phuong trinh
parabolic bac nguyén va bac phan thit ngugc thoi gian.

5. Phuong phap nghién ctu

Ching toi st dung cdc phuong phap nhu phuong phdp loi logarithm,
phuong phdp bai todan gid tri bién khong dia phuong, phuong phdp chinh hod
Tikhonov va phuong phdp lam nhuyén.

6. Y nghia khoa hoc va thuc tién

Luan 4n da dat dugc mot sbé két qua vé danh gia on dinh va chinh héa cho
phuong trinh parabolic bac nguyén phi tuyén va phuong trinh parabolic bac
phan thi tuyén tinh. Do d6, luan a4n goép phan lam phong pht thém cac két

qua nghién cttu trong linh vire bai toan nguge va bai toan dat khong chinh.

Luan an c6 the lam tai liéu tham khao cho cac sinh vién, hoc vién cao

hoc va nghién citu sinh nganh toan.
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7. Tong quan va cau tric ciaa luan an
7.1. Tong quan mot so van dé lién quan dén luan an

Bai toan dat khong chinh xuat hién tit thap nién 50 ctia thé ki trude. Cac
nha toan hoc dau tién dé cap tdi bai toan nay 1a Tikhonov A. N., Lavrent’ev
M. M., John J., Pucci C., Ivanov V. K. Dic biét, vao nam 1963, Tikhonov A.
N. dwa ra phuong phap chinh héa mang tén 6ng cho cac bai toan dit khong
chinh. Ké tit d6, bai toan dat khong chinh va bai toan nguge da tré thanh

mot nganh riéng ciia toan vat 1y va khoa hoc tinh toan.

Xét phuong trinh parabolic nita tuyén tinh ngugc thoi gian
ur+ Au = f(t,u), 0<t<T,
Uty ol <2 D)
v6i mic nhiéu e.

Cht ¥ rang da c6 nhiéu két qua danh gia 6n dinh va chinh héa cho bai
toan trong truong hop f = 0, mot sé6 phuong phéap cho trudng hop tuyén tinh
c6 thé ké ra la phuong phép twa dao, phuong phap phuong trinh Sobolev,
phuong phap chinh héa Tikhonov, phuong phap bai toan gia tri bién khong
dia phuong, phuong phap nhuyén. Tuy nhién, d6i véi bai toan phi tuyén, van
con nhiéu van dé can dugc quan tam nghién citu. Chang han nhu, tim cac

danh gia on dinh va chinh héa cho phuong trinh c¢6 hé sé phu thudc thai gian.

Vao nam 1994, Nguyén Thanh Long va Alain Pham Ngoc Dinh da xem
xét bai toan ngugc cho phuong trinh parabolic nita tuyén tinh dang (1). Bang

cach st dung nita nhém co lién tuc manh sinh bdi toan ti
Az =—A(T+BA) 18>0,

ho dat duge danh gia sai s6 kiéu logarithm trén (0,1] gitta nghiém ctia bai

toan ban dau va nghiém ctia bai toan chinh héa.

Vao nam 2009, Dang Dic Trong va cac cong su xét bai toan (1) trong
khong gian mot chiéu c6 dang
U — Upe = f(x,t,u(z, b)), (z,t) € (0,7) x (0,T),

u(0,t) = u(m,t) =0, t € (0,7), (2)
[u(z, T) — ol <,
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v6i f thoa man diéu kién Lipschitz toan cuc. Céac tac gia nay da st dung
phuong phap phuong trinh tich phan dé chinh héa phuong trinh (2). Cu the,
ho chinh hoa bai toan (2) bang bai toin

00 T
u(z,t) = Z(en2 + e_T”2)% (gpn — / e(S_T)”zfn(ue)ds> sin nx. (3)
¢

n=1

V6i dieu kien
St (ult), ¢u) |* < oo, Wt € [0, T, (4)
n=1

trong d6 ¢, = sin(nx). Cac tac gid nay dat duge danh gia sai s6 dang Holder

nhu sau

- 1-t/T
Jue) = w (O < MHTE el | s

Sau d6 vao nam 2010, Phan Thanh Nam da chinh héa bai toan (1) bang
phuong phap chat cut. Tac gia xét A 1la mot toan tit duong, tu lien hop,
khong bi chan va H ¢6 mot co s triuc chuan {¢; 1> 13 cac vécto rieng tuong
tng véi cac gié tri rieng {\; };>1 clia toan tit A sao cho

0< )\1 Ay < va ZEE_IIOO )\z = +00 (5)
va f thoa man diéu kién Lipschitz toan cuc. Phan Thanh Nam di ching

minh bai toan sau la dat chinh
{w+Av:PMﬂuMﬂ% 0<t<T, (©)
v(T) = Puyg

trong do

A<M
VA dat dudce cac két qua nhu sau.
Néu Z 25| (y(t), ¢,)|> < EZ thivéi f > T ta co

lo(t) = u(t)]| < ce’™.

Néu 21)\26 2 i) (y(t), ¢,) 12 < E? thi véi B > T ta c6

lo(t) = u(®)l] < e/ max {in(1/e) 7, r-DI7L



Néu 37 e*|(u(t), ¢n)|* < B3 thi
n=1

|o(t) —u(t)]] < ce'/T max {G(BT)/T’ G(TT)/T} _

Vao nam 2014, Nguyén Huy Tuan vad Dang Dic Trong da xét bai toan
(1) v6i A théa man cac diéu kien nhu Phan Thanh Nam. Véi v € H, ho dua
ra dinh nghia

Z In* (s)\k - e—Ak) (v, Or) b

trong d6 In™ (2) = max{Inz, 0}. Hon nita, hai tdc nay gid sit ring f thda man
cac dieu kién
(FO) Ton tai hang s6 Ly > 0 sao cho

<f(t7w1) - f(tan)vwl - w2> + L0Hw1 - w2|\2 =0

(F1) V6ir > 0, ton tai hang s6 K(r) > 0 sao cho f: R x H — H thda man
diéu kién Lipschitz dia phuong

1f (8, wi) = f(E w2)l] < K(r)]Jwy — wy

v6i wy, we € H sao cho ||w;]| <ri=1,2.

(F2) f(t,0) =0 v6i moi t € [0,T].

Nguyén Huy Tuan va Dang Dtic Trong da chinh hoa bai toan (1) bang bai

toan tua ddo sau

dv.(t)
o + Acv(t) = f(u(t),t), 0<t<T, (7)
v(T) = ¢.

Cac tac gid nay can dén dieu kien
' 2 2\ 2
— / Z)\ke k‘(u(s),(bk}‘ < 00.
0 k=1

Khi do6, ho dat dugc toc do hoi tu cltia nghiém chinh héa vé nghiém chinh

t/T—1
xac ¢6 dang st/T<ln g) .



6

Dén nam 2015, Dinh Nho Hao va Nguyén Van Ditc da chinh héa bai toan
(1) bang bai toan bien khong dia phuong
v+ Av = f(t,v(t)), 0<t<T, (8)
av(0) +v(T)=¢, O0<a<l.
Hai tac gid trén xét ham f théa man diéu kién Lipschitz
1S (&, wi) = f (it wo) || < EfJwy — wsl (9)
v6i hang s6 Lipschitz k € [0,1/T) doc 1ap véi t, wq, ws.

Hon nita, véi gia thiét ||u(0)|| < E, E > ¢, hai tac gid ndy da dua ra danh

gia sai s6 kiéu Holder
u(-,t) —v(-,t)|| < CeYTEZYT vt e [0,T). (10)

Dinh Nho Hao va Nguyén Van Diic 13 hai tac gid dau tien dat duge toc do
dang Holder khi chinh héa bai toan (1) chi véi diéu kien ||u(0)|| < E. Tuy
nhién, diéu nay chi dung véi hang sé Lipschitz k € [0,1/T).

Bén canh phuong trinh parabolic ntta tuyén tinh, phuong trinh Biirgers
ngude thoi gian ciing duge nhiéu nha toan hoc quan tam nghién cttu. Abazari
R., Borhanifar A., Srivastava V. K., Tamsir M., Bhardwaj U., Sanyasiraju Y.,
Zhanlav T., Chuluunbaatar O., Ulziibayar V., Zhu H., Shu H., Ding M. da
dua ra phuong phap s6 cho phuong trinh Biirgers. Allahverdi N. va cac cong
st xét ing dung ctia phuong trinh Biirgers trong diéu khién t6i wu. Lundvall
J. va céc cong sy xét ting dung ciia phuong trinh Biirgers trong dong hoa
so lieu. Carasso A. S., Ponomarev S. M. duing phuong phap 16i logarithm dé
dua ra danh gia 6n dinh cho phuong trinh Biirgers.

Khac v6i phuong trinh parabolic bac nguyén ngugc thoi gian, phuong
trinh parabolic bac phan tht nguge thoi gian xuat hién muon hon nhung
cling 14 mot hudéng nghién ctu hét siic s6i dong trong nhitng nam gan day.
Cac nha toan hoc da dat dugc nhiéu két qua quan trong theo huéng nghién
citu nay. Chang han, Sakamoto K. va Yamamoto M. da dat dudc két qua vé
su ton tai va tinh duy nhat ngudce clia nghiem. Xua X. v cac cong su da dat
dugce két qua danh gia on dinh bang phuong phap danh gia Carleman. Céac
phuong phap chinh hoa va cidc phuong phap sé hitu hiéu cho phuong trinh
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parabolic bac phan thi ngudc thoi gian ciing da dude cdc nha toan hoc de
xuat nhu phuong phap bai toan gia tri bien khong dia phuong, phuong phap
chinh héa Tikhonov, phuong phap chat cut, phuong phap tua ddo, phuong
phap sai phan, phuong phap phan t hitu han, phuong phap bién phan va
mot s6 phuong phap khéc.

7.2. Cau trac luan an

Noi dung chinh ctia luan an duge trinh bay trong 4 chuong.

Chuong 1 trinh bay cac kién thic co sé va mot s6 kién thitc bo trg cho

cac chuong sau.

Chuong 2 trinh bay cac két qua vé danh gia on dinh va chinh héa Tikhonov
c6 hiéu chinh cho phuong trinh parabolic bac nguyén nita tuyén tinh ngudc
thoi gian.

Chuong 3 trinh bay cac két qua vé danh gia 6n dinh cho phuong trinh
Biirgers ngugc thoi gian.

Chuong 4 trinh bay phuong phap chinh héa cho phuong trinh parabolic
bac phan thi tuyén tinh nguge thoi gian bang phuong phap lam nhuyén.

Cac két qua chinh ctia luan 4n da dugce trinh bay tai seminar cia Bo mon
Giai tich thudc Vién su pham ty nhién - Truong Dai hoc Vinh, seminar ctia
phong phuong trinh vi phan ctia Vién toan hoc thudc Vién han lam khoa
hoc va cong nghé Viet Nam, Hoi thdo khoa hoc "T6i wu va Tinh toan khoa
hoc lan thtt 15" tai Ba Vi ngay 20-22/4/2017. Két qua trong luan an ciing
da dugc béo cdo tai Dai hoi Toan hoc Viet Nam lan thd 9 tai Nha Trang
14-18/8/2018.

Cac két qui nay ciing da duge viét thanh 04 bai bao trong dé c6 01 bai
dang trén tap chi thudc danh muc SCI (Inverse Problems), 01 bai dang trén
tap chi thuoc danh muc SCIE (Journal of Inverse and Ill-Posed Problems),
02 bai (01 bai dang va 01 bai d& dugc nhan dang) trén tap chi thuéc danh

muc Scopus (Acta Mathematica Vietnamica).



CHUONG 1

KIEN THUC CO SO

1.1 Khai niém bai toan dat khéng chinh, danh gia 6n
dinh va chinh héa

Muc nay, trinh bay cac khai niem bai toan dat khong chinh, danh gia on

dinh va chinh hoba.

1.2 Mot sé két qua bo tro

Muc nay, néu mot s6 kién thic can dung cho cac chuong sau.

Dinh nghia 1.2.3. Ham Gamma I' dugc xac dinh bdi cong thic
['(z) = / et dt (1.1)
0

v6i z thudc nita mit phang bén phai Rez > 0 clia mat phang phiic.
Pinh nghia 1.2.5. Ham E, g(z) dugc xac dinh bdi

lﬂhﬁ(z)::: fYEEQtF??S

k=0

,z2 € C,

trong d6 a > 0,5 > 0 va I' la ham Gamma dugc goi la ham Mittag-Leffler.
Dinh nghia 1.2.7. Cho f la ham kha vi lién tuc trén [0,7] (T > 0). Dao
ham béc phan thit Caputo véi bac v € (0,1) ctia ham f trén (0, 7] duge xac
dinh nhu sau

oy = L /t(t L p(s)ds, 0 < t< T
N — — S —_— S S BN .
dt? T'(1—7) Jo ds ’
Dinh nghia 1.2.11. Ham D,(z) = sin(ve;) (v > 0) dugce goi 1a nhan
J=1 Lj

Dirichlet.



CHUONG 2

KET QUA ON PINH CHO PHUGNG TRiINH PARABOLIC
NUA TUYEN TiNH NGUGC THOT GIAN

Trong chuong nay, ching to6i dé xuat cac két qua danh gid on dinh cho
phuong trinh parabolic nita tuyén tinh nguge thoi gian. Sau d6, ching toi
diing phuong phap Tikhonov c6 hiéu chinh dé chinh héa phuong trinh nay.
Két qua trong chuong nay clia ching toi 1a nhitng két qua dau tien dua ra
danh gia on dinh, cting nhu chinh héa cho phuong trinh parabolic nita tuyén
tinh ngugc thoi gian (héng s6 Lipschitz khong am tuy y) chi véi diéu kien bi
chan ctia nghiem tai ¢t = 0. Cac két qua nay da dudc cong bé trong hai bai
bao:

- Duc N. V. | Thang N. V. (2017), Stability results for semi-linear parabolic
equations backward in time, Acta Mathematica Vietnamica 42, 99-111.

- Hao D. N., Duc N. V. and Thang N. V. (2018), Backward semi-linear
parabolic equations with time-dependent coefficients and locally Lipschitz
source, J. Inverse Problems 34, 055010, 33 pp.

2.1 Danh gia 6n dinh cho phuong trinh parabolic niia
tuyén tinh ngudc thdi gian véi hé sé phu thudc thoi
gian

Cho H la khong gian Hilbert véi tich vo huéng (-,-) va chuan || - ||. Gia

st rang cac dieu kién sau thoa man:

(A1) A(t) 1a toan tt tuyén tinh xac dinh duong, ti lien hgp va khong bi chin
trén H v6i méi t € [0, 7.
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(A2) Néu w;(t) : [0,T] — H,i = 1,2 la hai nghiém ctia phuong trinh

_du
Cdt

thi ton tai ham lien tuc a1 (t) tren [0,7] v6i ¢ < a1(t) < ¢, VE € [0,T],

Lu + A(t)u= f(t,u), 0<t<T, (2.1)

va ton tai hing s6 ¢z sao cho w = u; — us théa man bat dang thiic
d

_a <A(t)w’ w> > —2 (A(t)w, wt> — al(t) <A(t)w7 w> - CQHw”2'

Véi t € [0,T], dat

v(t) = . (2.2)

Bay gio, chiing toi dua ra cac danh gia on dinh. Dau tién, 1a cac danh gia
on dinh véi rang buoc ciia nghiém trén mién [0, 7). Giad st f thdéa man dicu
kién (F1) nhu sau.

(F1) V6i r > 0, ton tai hang s6 K(r) > 0 sao cho f: [0,7] x H — H thda
man diéu kién Lipschitz dia phuong

Lf (8 wi) = (&, wa) || < K (r)llwr — wall

v6i wy, we € H sao cho ||w;|| < ri=1,2.

Y

Dinh 1y 2.1.2. Gid st rang A(t) théa man cic diéeu kien (A1),(A2) va f
théa man dieu kién (F1). Cho uy va ug la hai nghiém cia bai todan (2.1) théa

man ||u;(T) — || < e vdi p € H va rang buoc
lu; ()| < E, te€[0,T], i=1,2, 0<e<E. (2.3)
Khi do, voit € [0,T] ta co
1 () — ua()|| < 26O B0 exp (c3y(t)(1 . V(t))), (2.4)

trong do
1
Cy = <§K2T + |eo| T + QK) C4Cs5
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Zy * T
vdi ¢y = 0

chitz dugc xdc dinh bdi (F1).

,c5 = max{exp |c1|T,exp |c|T} va K = K(E) la hang s6 Lips-

Dinh 1y 2.1.2 khong dua ra bat ki thong tin nao vé su phu thuoc lién tuc
clia nghiém bai toan (2.1) tai ¢t = 0 theo dit kién cudi. Dé thiét lap sy phu
thuoc nay, ching toi doi héi nhiéu dieu kién hon doi véi toan tit A(t) va tinh
bi chén manh hon ctia nghiem. Chung toi dat dudc két qua sau.

Dinh 1y 2.1.7. Cho D(A) C H va A: D(A) — H la todn ti tuyén tinh zdc
dinh duong, tu lién hop va khong bi chan sao cho vdoi hé co sd truc chuan
{®i}iz1 trong H thi A c6 hé gia tri riéng {\;}is1 thoa man 0 < A\ < Ay < ...
va Z£+moo Ai = +oo. Gia s a(t) la ham kha vi lién tuc trén [0,T] sao cho
0 <ap<a(t) <a, M= max |a(t)] < +oo va f théa man dieu kién (F1),

t€[0,T)
uy va uy la hai nghiem cia bai todn w + a(t)Au = f(t,u(t)),0 <t < T thda

man ||u;(T) — ¢|| <&, i=1,2. Khi dé, ta cé cic danh gid on dinh sau.

i) Néu
SN (ui(t), ) < Ete[0,T],i=1,2, (2.5)
n=1

vdi E > ¢ va >0 thy

— 1—v(t)
i EN-8 €
_ < vty () ol =
lur(t) —us(t)]| < C1(t)e"VE <1n 6) + = , t€10,T],

trong do v(t) = va Cy(t) la ham bi chan tren [0,T].

i) Néu
> e (ui(t), ¢n)? < B2t €[0,T),i = 1,2 (2.6)
n=1
vd”iE>5vd*y>O thi
lur (t) = us(t)]| < Co(t)e"WE1, t € [0, 7],

o+ Jyal§)de
- T

v+ f() a(f)df
Trong Dinh 1y 2.1.7, chtung t6i doi hoi tinh bi chan ctia nghiém trén toan

trong do vy (t) va Cy(t) la ham bi chan trén [0,T).

mién ¢t € [0,T]. Dé dat két qua tot hon chi véi tinh bi chan clia nghiém tai

t = 0, chtung toi gid thiét them rang
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(F2) f(t,0) =0 v6i moi t € [0, 7.
(F3) Ton tai hang s6 L; > 0 sao cho

(f(t,w1) = ft,wa), w1 — wa) < Lywy — ws*.

Dinh ly 2.1.11. Gid st todn ti A(t) thoa man cdc dieu kién (A1),(A2) va f
théa man cac diéu kién (F1)-(F3). Néu uy va ug la hai nghiém cia bai todn

(2.1) vdi rang buoc ||u;(T) — || < e va
lw:(0)| < B, i=1,2,
v 0 <e < E, th

1
[ur(t) — ua(t)|| < 2exp ( (§K2T + |eo| T + 2K> cacsv(t)(1 — V(t))>
x e"WEIY0 vt e [0, T]

trong do ¢y = %, cs = max{exp |c1|T, exp |c|T} va K = K(e"TE) la hing

s6 Lipschitz zdc dinh trong (F1).

Trong cac phan trudc, ching toi khong dua ra bat ky moéi quan hé nao
gitta toan tit A(t) va ham f. Dé md rong 16p ham chita ham f thay vi (F1),

ching to6i gia st:

(F4) V6i moéi r > 0 va va ug, ug la hai nghiém cta bai toan (2.1) véi
(A(Du;, vy < r?i = 1,2, t € [0,7)], thi ton tai hing s6 K(r) > 0
sao cho f :[0,T] x H — H théa man dicu kien

(8 ur) = f (8 ug) | < K(r)[lus — ue.
(F5) Ton tai hdng s6 Ly > 0 sao cho véi u la nghiém ctia bai toan (2.1), ta ¢6
(A(t)u, f(t,u)) < Lo (A(t)u, u) .
Chung toi dat dude cac két qua sau

Dinh 1y 2.1.14. Gid st rang cdc dieu kien (A1),(A2), (F2)-(F5) la théa

man va ton tai hang s6 Lz > 0 sao cho

(A(0)u(0),u(0)) > Lslu(0)]I*.



13
Néu uy,us la hai nghiém cia bai toan (2.1) véi rang buoc ||Ju;(T) — || < & va
(A(0)u;(0),wi(0)) < Ef, i=1,2 (2.7)
vdi 0 < e < Ey, thy vdi t € [0,T] ton tai ham bi chin C(t) sao cho
lus () — ua(8)|| < C(1)e" O By, (2.8)

Dinh 1y 2.1.15. Cho todn ti A va ham a(t) théa man cdc dieu kién nhu
trong Dinh Iy 2.1.7. Gid st rang f théa man cdic dieu kién (F2)—(F5), va
uy, Uy la hai nghiém cia bai toan uy + a(t)Au = f(t,u(t)),0 <t < T sao cho
|lu,(T) — || <e, i=1,2. Khi do, cic danh gid sau day ding.
i) Néu
A (ui(0), 6n)? < E'i = 1,2 (2.9)
n=1

_ 1 . _
voi B> e va > Bt thi ton tai ham bi chan C(t) trén [0,T] sao cho

1—v(t)

—\ P
lur(t) — us(t)|] < C(t)e OB (m?) " % ;o (2.10)
, Jo al€)de
trong dé v(t) =
rong do v(t) OTa(f)df
i) Néu
> e (u;(0), ¢n)? < B2 i = 1,2 (2.11)
n=1

vdi E > ¢ vay >0, thy ton tai ham bi chin Cy(t) tren [0,T] sao cho
lus(t) — ua ()| < Ca(t)e W EW), (2.12)

v+ Jy al§)ds.
v+ fy a€)dg

trong doé v (t) =

2.2 Cac vi du

Trong muc nay, ching toi trinh bay mot s6 vi du dé minh hoa cho cac gia

thiét ma ching toi dit ra trong muc 2.1. Cac vi du nay ciing chi ra rang cac
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dinh Iy vé danh gia én dinh trong muc 2.1 1a tng dung dudc cho mot s6 bai
toan vat 1y quan trong nhu bai toan trong mo hinh sinh 1y than kinh ctia he
thong té bao than kinh, bai toan trong phan tng nhiét, bai toan dan s6, bai

toan Ginzburg-Landau, bai toan trong dong hoc enzyme.

2.3 Danh gia on dinh cho phudng trinh parabolic niia
tuyén tinh ngudc thdoi gian véi hé sé khéng phu
thudc thoi gian

Trong phan 1.1, chiing t6i da dua ra cac danh gia on dinh cho phuong
trinh parabolic nita tuyén tinh ngugc thaoi gian véi hé sd6 phu thuoc thoi gian
va nguon Lipschitz dia phuong. Tu cac két qua nay ching ta suy ra dudc cac
danh gia on dinh cho phuong trinh parabolic nita tuyén tinh ngude thoi gian
v6i he s6 khong phu thuoc thoi gian va nguon Lipschitz toan cuc. Tuy nhién,
trong Dinh 1y 2.1.2 v Dinh Iy 2.1.7 dé dua ra danh gia on dinh thi ching toi
can t6i dieu kién bi chan ctia nghiém trén toan mien [0, 7]. Trong cac Dinh
Iy 2.1.11, Dinh 1 2.1.14 va Dinh 1§ 2.1.15 dé ¢6 dénh gi4 n dinh chi véi diéu
kién bi chin clia nghiém tai ¢ = 0 thi ching toi can diéu kién ham f thoa
man (F2), tic 1a f(¢,0) = 0. Do d6, muc dich ctia phan nay 1a dua ra danh
gid on dinh cho phuong trinh parabolic nita tuyén tinh ngugc thoi gian véi

hé s6 khong phu thuoc thoi gian va nguon théa méan dieu kien Lipschitz
[f(t,w) = f(tw)|| < Kllwr —wal[,  wi,ws € H, (2.13)

v6i hang s6 thuc khong am k doc 1ap véi ¢, w; va we, chi véi diéu kién bi chan

cua nghiém tai ¢t = 0.

Cho A 1a toan tit tuyén tinh khong bi chan, xac dinh duong, tu lien hop
véi mién xac dinh D(A) € H. Xét phuong trinh parabolic nita tuyén tinh
ngudgc thoi gian

[u(T) — ol < e

trong d6 ¢ 1a dit kién cudi ciia bai toan dude xac dinh qua do dac véi mic
nhiéu e va nghiem « € C'((0,T), H) N C([0,T], H).
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Bay gio, ching toi trinh bay cac két qua danh gia 6n dinh.
Dinh 1y 2.3.1. Gid st rang uy va us la cdc nghiém cia bai todn (2.14) va
ham f théa man diéu kién (2.13). Néu u;(0) € D(A), i = 1,2, va
lw(0)| < E, i=12, (2.15)
vdi E > ¢, thi vdi moit € [0,T] ta c6
t(T —t)

lur() — ws(t)]| < 2T BT exp [(Qk: IR t)) ] (2.16)

Dinh 1y 2.3.3. Gid st ring c6 mot co s6 truc chuan {¢;}i>1 trong H tuwong

ing vdi cac gid tri riéng {\;}is1 cia A sao cho 0 < A\ < Ay < ... va

hin i = +o0. Gid st rang f : [0, T) x H — H théa man dieu kién Lipschitz

1—>—+00

(2.13), uy va uy la cac nghiem cia bai todn (2.14) véi u;(0) € D(A), i =1, 2.
i) Néu

ZW u; (0 <E%i=1,2 6>0 (2.17)

vdi By > € thi vdi moit € [0,T), ton tai ham bj chan C(t) sao cho

1-t/T
||u1<t>u2<t><c<t>et/TEi”T<(1 5) ¥ E) @)

g
i) Néu
3B (4i(0), ¢)? < ES,i=1,2, 7> 0 (2.19)

vdi By > ¢ thi vdi moit € [0,T), ton tai ham bj chan Ci(t) sao cho

1—-2tt

lua(t) = ws()]| < Cr(t)eT*T By 7. (2.20)

2.4 Chinh héa phuong trinh parabolic nita tuyén tinh
ngudc thdi gian bang phuong phap Tikhonov

Trong phan nay, ngoai cac gid thiét (A1) va (A2), ching toi gia su rang
(A(t) + I))~! 1a kha vi lién tuc manh. Hon ntta, —A(¢) sinh ra duy nhét he
tién hoa U(t,s),0 < s <t < T la mot ho cac toan ti tuyén tinh bi chin ti
H vao chinh n6 v6i 0 < s <t < T, lién tuc theo hai bién.
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Chiing ta sé chinh héa bai toan

u+ Alt)u = f(t,u), 0<t<T,
2.21
Uiy 2o <’ =
bang phuong phap Tikhonov c6 hiéu chinh.
Dét v(t) la nghiém ctia bai toan
v+ A(t)v = f(t,v), 0<t<T, v(0)=ge D(A(1)). (2.22)

Dé nhan manh sy phy thuoc ciia nghiem v vao g, chiing toi viét v(t, g) thay
vi v(t). Néu dieu kién ||u(0)|| < £ dugc théa man va f thoa man (F1) - (F3),
ta xét cuc tiéu phiém ham Tikhonov

Ja(g) = l0(T. 9) — #|* + allg| (2.23)

voi g € D(A(t)) va a 1a tham s6 hiéu chinh. Tuy nhién, ta khong biét duge
cuc tiéu clia bai toan nay ton tai hay khong. Do do, ching toi da hiéu chinh

bang céch chon nghiém gan ding ctia cuc tiéu phiém ham. That vay, dat

I= inf J,(g), 2.24
9eD(A(1) (9) (2.24)

va v6i 7 > 0 ¢6 dinh chon g € D(A(t)) sao cho
Jo(G) < I+ 7% (2.25)
Hon nita, néu diéu kien (A(0)u(0),u(0)) < E? thdéa man va f théa man
diéu kien (F2) - (F5), ta xét phiém ham Tikhonov
Talg) = lv(T,g) — ¢l* + B(A(0)g,9), B >0, (2.26)
trong dé A 1a tham sé hiéu chinh. D4t

L = inf Js(g). 2.27
L= ot Js(o) (2:27)

V6i 7 > 0 ¢b dinh, chon g € D(A(t)) sao cho
J5(q) < I + 7€%, (2.28)

thi bai toan (2.28) luon c¢6 nghiém.
Dinh 1y 2.4.2. Gid s rang dnh za f la nta lién tuc, bién cdc tap bi chan
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thanh cdc tap bi chan va théa man cdc dieu kién (F1)-(F3). Néu bai todn
(2.21) c6 nghiém la u(t) vdi u(0) € D(A(t)) thoa man

luO)] < E

EN\2 .
va v(t,g) la nghiém cia bai todn (2.22) vdi g =g, thi vdi o = <E) ton tai

hing s6 C sao cho
Ju(t) — v(t,7)|| < Ce"WE1 0,

Dinh 1y 2.4.3. Gid s rang dnh za f la nta lién tuc, bién cdc tap bi chan
thanh cac tap bi chan va théa man (F2)—(F5) va (A(0)u(0),u(0)) > Ls|lu(0)]|?
vdi u(t) la nghiem cia  w+A(t)u = f(t,u), 0 <t < T. Néu bai toan (2.21)
co nghiém la u(t) vdi u(0) € D(A(t)) thoa man

(A(0)u(0),u(0)) < Ef
2
va v(t,q) la nghiém cia bai toan (2.22) vdi g =g, thi chon § = (Ei> ton
1
tai hing so6 Cy sao cho

lu(t) —v(t,9)|| < Cre"WEY ) e o, T).

2.5 Két luan Chuong 2

Trong Chuong 2, chung t6i thu dudce cac két qua sau:
- Dua ra cac danh gia 6n dinh nghiém cho phuong trinh parabolic nita tuyén
tinh ngugce thoi gian véi hé s6 phu thuoc thoi gian véi cac diéu kién khac
nhau clia ham nguon va cac rang budc khac nhau ctia nghiém. Dua ra cac vi
du dé minh hoa cho céac gia thiét ctia todn tit A(t) vA ham nguodn Lipschitz
dia phuong f.
- Dua ra cac danh gia on dinh nghiém cho phuong trinh parabolic ntta tuyén
tinh ngugc thoi gian v6i hé sd6 khong phu thuoc thoi gian.
- Chinh héa phuong trinh parabolic nita tuyén tinh ngugc thoi gian véi hé sd
phu thuoc thoi gian bang phuong phap Tikhonov c¢6 hiéu chinh.
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CHUONG 3

CAC KET QUA DANH GIA ON DPINH CHO PHUONG TRINH
BURGERS NGUGOC THOI GIAN

Trong chuong nay, ching toi dua ra cac danh gia én dinh cho phuong
trinh Biirgers véi toc do dang Holder. Céc két qua nay 1a tong quat hoa va cai
tién cac két qua ctia Carasso va Ponomarev. Cu thé, ching toi chiing minh
cac két qua danh gia on dinh cho phuong trinh tong quéat hon duéi cac dieu
kién yéu hon so véi cac dieu kien dugce dit ra béi cac téc gia ké tren. Cac két
qua nay da dudc cong bd trong bai bio:

Hao D. N., Duc N. V. and Thang N. V.(2015), Stability estimates for Burgers-
type equations backward in time, J. Inverse and Ill-Posed Problems 23, 41-49.

Cho T > 0. Dat
D:={(z,t): 0<z<l, 0<t<T}
va D 1a bao dong ctia D.

Trong chuong nay, dé don gian ki hiéu, ta viét | - || thay cho || - || z2(0.1)-

3.1 Cac két qua danh gia on dinh cho phuong trinh
Biirgers ngudc thoi gian véi hé s6 phu thuoc thoi
gian

Trong muc nay, ching toi dua ra danh gid on dinh cho phuong trinh
Biirgers v6i hé s6 phu thuoc thoi gian sau

u = (a(x, t)uy), — d(z, t)uu, + f(z,t), (z,t) € D, (3.1)
U(O,t) - gO(t)a u(l, t) - gl(t)a 0<t<T, (3'2)
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trong dé6 a(z,t), d(z,t), go(t), g1(t), f(z,t) la cac ham tron, a(z,t) > @ >
0,(z,t) € D, as(x,t), d(z,t) vi d,(z,t) bi chan trén D.
Dinh ly 3.1.1. Gid st uy(z,t) vaus(x,t) la hai nghiém cia bai todn (3.1),(3.2)

thoa man
max {|ul, |ui.|} < E, i=1,2. (3.3)
(z,t)eD
Dat )
o~ ma ai(z,t) +2(dE)
(w4)eD a(z,t)
Va4
= Lntum=0 pt)= "L nsumo. (34
ult) = 7 meum =0, p(t) = —m— néum #0. :

Néu ||ui(-,T) — us(-, T)|| < 8, thi ton tai ham bj chan ki(t) sao cho

i (-, 1) — ua(-, )| < k()P EHO vt e [0, T7. (3.5)

3.2 Cac két qua danh gia on dinh cho phuong trinh
Biirgers ngudc thdi gian véi hé s6 khéng phu thudc
thoi gian

Trong muc nay, ching téi dua ra danh gia on dinh cho phuong trinh
Biirgers ngugc thoi gian véi hé s6 khong phu thuoc thoi gian.

Dinh 1y 3.2.1. Gid st uy(x,t) va us(z,t) la cdc nghiém co dién cia bai todn

U = VUgy — quu, + f(z,t), (x,t) € D, (3.6)
uw(0,t) = go(t), wu(l,t)=aq(t), 0<t<T, (3.7)

dday v >0, a €R, va gy, g1, f la cdc ham tron. Néu uy, us théa man

max {|ui], |, |ui|} < E, i=1,2 (3.8)

(x,t)e

va, ||uy (-, T) — uz(-, T)|| < 6, thi ton tai ham bi chan ko(t) sao cho

ua(,t) — ua(-, 8)|| < ka(8)0TEXF, ¢ [0,T]. (3.9)
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3.3 Két luan Chuong 3

Trong Chuong 3, chiing toi da thu dude cac két qua sau:
- Dua ra danh gia on dinh dang Hélder cho phuong trinh Biirgers ngugc thoi
gian v6i hé s6 phu thuoc thoi gian.
- Dua ra danh gia on dinh dang Hélder cho phuong trinh Biirgers ngugc thoi
gian v6i hée s6 khong phu thuoc thoi gian.
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CHUONG 4

CHINH HOA PHUONG TRINH PARABOLIC BAC PHAN
THU NGUGQC THOI GIAN

Xét bai toan sau trong khong gian R"

o (4.1)

y
{@Au, reR"te (0,T)
u(@,T) = ¢(z), v €R"

trong d6 0 < v < 1, ¢ 1a dit kién cudi chinh xac ciia bai toan nhung ta khong
duge biét ma chi biét dit kien nhiéu (qua do dac) ¢ véi mrc sai s6

%) — ()l Lommy < € (4.2)
da biét.

Trong chuong nay, ching toi sé chinh héa bai toan (4.1)-(4.2) béi bai toan

¢ (4.3)

Y,V
{3 v AvY, x e R"t € (0,T)
v(x,T) = S,(¢°(z)), x € R,
trong do v > 0 va S, (¢°(x)) la tich chap cia ¢°(x) v6i nhan Dirichlet.

Cac két qua trong chuong nay da duge viét thanh bai bio:
Duc N. V., Muoi P. Q., Thang N. V., A molification method backward time-
fractional heat equation, Acta Math. Vietnam. (Da dugc nhan dang)

4.1 Tinh dat chinh cua bai toan chinh héa

Trong muc nay, ching t6i chiing minh bai toan (4.3) 1a dat chinh.
Dinh 1y 4.1.3. Vi ¢ € L*(R"), bai todn (4.3) c6 duy nhat nghieém v* €

L*(R™) wa ton tai hang s6 C3 sao cho

(Ol < C3(1+v2)]I¢°]l, ¢ € [0, T].
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4.2 Tbéc do hoéi tu

Trong phan nay, chiing t6i néu quy tac chon tham s6 tién nghiém, hau
nghiém va dua ra toc do hoi tu dang Holder ctia nghiém chinh héa vé nghiém
chinh xac.

Dinh ly 4.2.3. Néu u(x,t) la nghiém cia (4.1) théa man

(-, 0)||gor) < E (4.4)
thi vdi v = (—) ton tai hang so Cy > 0 sao cho
£
10 (1) = u(, )| ) < Cres B3, 0 <1< s, t€[0,T]. (4.5)
Dinh ly 4.2.5. Gid st rang 0 < & < ||¢°(+)||. Chon T > 1 sao cho 0<

Te < ||¢°||. Khi dé ton tai mot $6 v. > 0 sao cho
[0 T) = ()] = 7e. (4.6)

Hon nita, néu u(z,t) la nghiém cia (4.1) théa man (4.4) thi ton tai hang so
Cs >0 sao cho

s—1

[0 (-, 8) = ul- )| ) < CosiREs, 0 <1< s, t €[0,T]. (4.7)

4.3 Vidu sb

Trong phan nay, ching toi minh hoa sé cho phuong phap chinh héa vita
dé xuat § trén. Cac vi du s6 nay dude thuyc hién trén may tinh LENOVO,
Microsoft Windows 10 Home v6i phién ban MATLAB 2015a.

4.4 Két luan Chuong 4

Trong chuong 4, chung toi da dat duge cac két qua sau:
- Chtng minh bai toan chinh hoéa la dat chinh.
- Chi ra téc do hoi tu dang Holder ctia nghiém chinh héa vé nghiém chinh
xac, theo ca quy tac chon tham s6 tién nghiem.

- Dua ra vi du s6 minh hoa cho phan 1y thuyét.
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KET LUAN CHUNG VA KIEN NGHI

Két luan chung

Luan an nghién citu vé cac danh gid on dinh va chinh héa cho phuong
trinh parabolic bac nguyén va bac phan thit ngude thoi gian. Cac két qua

dat dugc trong luan an nay la:

1. Dua ra danh gia 6n dinh cho phuong trinh parabolic bac nguyén nia
tuyén tinh v6i he s6 hing va nguon Lipschitz toan cuc (véi hang s6 Lipschitz
k > 0 tuy y). Day 1a két qua dau tién chi can doi hoi tinh bi chan ctia nghiém
tai t = 0.

2. Dua ra danh gia on dinh va chinh héa Tikhonov c6 hiéu chinh cho
phuong trinh parabolic bac nguyén nita tuyén tinh v6i hé sé phu thuoc thoi
gian va nguon Lipschitz dia phuong.

2 7 2 N . < X 2 L N X
3. Tong quat hoa va cai tien cac ket qua cua Carasso va Ponomarev ve

danh gia 6n dinh cho phuong trinh Biirgers.

4. Chinh hoéa tién nghiém va hau nghiém cho phuong trinh parabolic bac
phan tht bang phuong phap lam nhuyén. Sau doé, chung toi dua ra vi du s6

dé minh hoa cho phan 1y thuyét ctia minh.
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Kién nghi

Trong thoi gian t6i, ching t6i mong mudn tiép tuc nghién ctu cac van dé
sau:

1. Nghién citu vé cac danh gia on dinh ciing nhu cac phuong phap chinh
hoéa cho phuong trinh parabolic bac nguyén phi tuyén trong khong gian Ba-

nach.

2. Nghién cttu vé cac danh gia 6n dinh ciing nhu cac phuong phap chinh
héa cho phuong trinh parabolic bac phan thit tuyén tinh trong khong gian
Banach va bac phan tht phi tuyén trong khong gian Hilbert.

3. Nghién cttu bai toan xac dinh nguon cho phuong trinh parabolic ngudc.
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